MATHISIO Caleulus jm— Evﬂiv\e.ers Qol9-20

2 | Preliminaries

(.1 Notections

Set : collection cf objec‘ﬁs (elements)
€ : subset
e - be\ovﬂs ‘o

ExamPle (1.1
S=1{1,>,23

OR:[,>2,%2e8S

Notations Cfeen used n this course :
Z : set cf all Fos’rhive iw&eﬁers
Z : set cf all iv\'haje.rs

R : set cja all veal numbers
Yo\
75 : e_tha set |, ie. 4>={ 3 Nc'bb\inﬂ

EmmFle, (Y

Set of all Fes'r(:ive. even numbers
= {2, 4.6, -}

= {)m : mei}

Exeige (1.1

Pinswer : {’J.w\-l : mei}

That means S is a set COV\'EaiV\inﬂ R elements ,mvv\elca [, 2 and 2.

lf T={1.2.2,43 , then we 3046 S is a subset of T, or ST
That  means evena elemernt in S is also an elemert i T

Cabl : set cf al veal numbers « sudh that as<<s<b
(ab) : set cf al veal numbers « suda that a<x<b
fa,=) : set cf al veal numbers « sudh that as<

ie. this set consists cf elements cf ‘the form Y such that meZ

Set of all -Fos'r(:ive. odd numbers = 7 (How o descvibe 2)



Se:EOFerzz(:lons

Let A, B be two sets.

Irsbersection : AnB Union : AUR
Relative. Covvt'>|e.\mew(', cf B in A:A\BR Relative czmr‘emeﬁ(', of A n B : B\A
Ew\mFle, (1.3

Let A=T123  B=-{.3Y,C-{3
Ao = {23 ANC=¢

ALR = 11231

ANB = 113 RAA =133

EmwcFle (L4

Rai2} : sek cf all veal numbers excels(: >
( Cavtion : We camncst wrrke R\2 as 2 is not a set !)

B<avnP|e 15
Sole > 1 .

x> or x<-|
OR: xeloo,-)U(l, ™)
OR: xeR:\[-(, 1]




VY : for all

3 : there exists (at least one)
3!: there exists unique.

= : implies

e \f and on‘g_ tf (e%uivdey\'t +to)
S€.: such that

B<AMPI€ 16

v yeco.0), I xeR st Foy.

{ trovslate

For all postbive real rumbers Y . there exists (at leost one) real number =~
such that -£‘=:3.

Un fac{:, 1-=J_|3 or 1:—»]%)

Y ye(o,0), A1 x (0,000 st Cay.

{ trnslate

For all pesttive real rumbers Y . there exists unique positive- real number
Such  that -£‘=r3.

Un fac-k, x:JTa Dnlé L)

EmmP|e, LLF

Let x>0, (a=.h_(. |a?=x

%=E (L\)hx& )

2R N

)

(a_=x

E@MPle (1.8

n ARARC,
LPRC = 9" = PR +BC = AC (Rghh. Houm. )
MR+ BrC - AC =5  /NRC 90" ( Converse c_f 'Pg&lr\ Ham. )
i§ both statements are bue , we Soy.
LMRC 90" 1 ard orly AR+ BC = AC
ard we dencte it by LNBRC =90’ <> PR +BC = AC



1.2 Fuanctions

Fuanction : A ‘ﬁmc'tiov\ is & vue that assijv\s o eadh element in a set A
emctl(a one elemert n a set B.

A 5 B set A domain  Cpuk)

set B : codomain (owEPutﬁ)
ranse(‘)e) s B - ravsse cf 'f

ravxﬂe_(f) = f(A) := {'f(x)eB : xeP}

deﬁv\ed bua
A "ﬁmcé:iov\ -f from A +to B is dencted bca f:P\—VB
BmmPle, (2.1
lf (D) f=TR R deﬁwzd bla 'f(-x)-vc." \“GV\SQ(‘f)=Eo,oo)
2) -j c [-1L2) R defiwad bla —f&)sx" \"avﬁe(f) = [o,4)
5<amP|e, (2.2
If szR—V[R defmed b:a fez.)ri‘-(-‘l-
fc-$>=c-3>+4=|$ OR  wyite : %=x’+4
input &t
‘P OU&FM dePey\deyf(-_ ‘(V\cleFey\derd:
vavriable variable
ExamPle, 2.3

If foo x}’i_-(_x + Find the  (maimum) domain cﬁ 5.

Noke : $eo = x?fﬁ-x is a well-defined Sfunction # -Fx #0.

L -F%=0

xG-F)=0

x=0 or %

. Domain_of f = {xeR:x#0,33

= (-0,0) L (o PV(F,=)

= R\ fo,. 1}




B(aw\'Ple 2.4

C-4x+3 20
x|l or %23
. Domain of § {xeR:xgl or x23%
= (-0, 17003 ,00)

= RN (G1,3)

Exercise (.2.1

lf feo = 47.* fmcl the  (maivum) domain o-j f

Nebe s 3o s

Ans © Domain of f {xeR: %<l or x>33%

= (-oe,l)u(%,oo)

= RAL,21

Piecewise befmed Function :

Exo.mPle, (2.4

lf j(wb Y , flvd the  (maximum) domain ?f f
Note. : f(x)m]'f-ll-x-\-?: is a well-defined 'fw\cﬁion '5 L-4%x+3 >0

is a well- defined fw\cbon lf L-4x+3>0 .

1 f x>0 - %:fbo
lf jm =4 o :f *=0
-1 f %<0 e

B«mele, (.2.5

> & |

if x22
§ fo-

[ f %<

Exercise. (.2.2

p=& 3 f ESd
Ske&ch-&ejroﬁmo‘?f&)={oz gosisl




annrle. 2.6

Absolute Value : -§w=lxl=ﬁ'-‘

For example . 2l [ -18:-3
ol <[ -{c =0
-3l < Jey - F = 3

&\ —.F(!)':hd
(S‘im‘Pla sFeA:inj : “Hhvow g ‘e neja-&ive. sijn )
Rewrte xl as a Ppiecewise elef\v\ed -Jﬁmchon:
X 1 X =20 -
[=<|= =
X Iy > <O
E><a.ml>le. 2%
et -§m= YIS e
Whak s Hhe %_ru?lr\ c? -§(=0?
g Idea: Rewrrte -Eb) as a piecewise dz?v\a:l -f\mcbm
Noke - (x+|(={x“ .-g X420 (ie. x2-1)
~(x+1) r§ X+i< 0 (ie. x<-1)
ot ={1~\ "f -t 20 (ie x21)
-G-) . X-l <o (le.x<1)
'§ &\ ’:F(I)=h<‘
(e ) =Cx-1) 2 =dx x-f X< -1
-1, a2
'.‘§u§=(1+l\+|1-(\: ) =x-1) = 2 I-f-lsx<l
>3
(e 0+ e=1) = 3% r? x>\

-fc-on. and -S’mn.m::.




Exrone.wbial and Losa\rfﬁnmic Functions :

. (a-:a" widh aso

Note : (a=a" s we“-cleﬁned when a>o J
Think: i a=-l, when %= ysd=dT

a* - 'l>os‘r(:i\re j?o« avxa a>o  and ana veal number = .

. %’I°ja" wrth  a>1 or o<aci
Note - 8= l°ja" is well-defined

when a>1 or o<a<i !

Bg_ d:ﬁn’r(:ion, l:’j' %ea",'ﬂnev\ [°3a3= =<

Facts -

(D) l°jaH+l°jaN = (°jaHN
'2) lojaM - (ojaN = loja%

2) lojan\z V\.(ojaM
4) (c,ja':l_-:hs-':i (Chanje cj base)

(osba

5) e=2.31828 ... (Exrlain lecker )
We write lose'x as [nx  Cachal loj fw\ction)
6) a* and IOQAX are. inverse +o each octher,

logax

. X
e a =0 Q.V\A logaa = X

g F o I

) a>l 2V a=| 3) o<ac<!

goph of grlogex Jr

D a>l 2) Oo<cacx|



3 Tr‘abmome('a’la

Pnctner wntt cf measuremert of avnle.s (radian) :

Defwum L3

When the lenj(:kcfmam e%mls-bo-ﬂne radius -
e a.njle SusFewded is deﬁv\ed as | radian.

©

Direct. Consequence : T rad = 360
Exercise : Tored =

— =9

—_ = 60"

Remark : From now on , kse vadian .

Tﬁsonome(:r'lc idewtities -

® Co:s"m\er Z-H«e_‘ lev\jﬂn c)z AR : Yn /W‘.[_b aivele
1 AR = oA+oR -1Ces(d+(3>)

= l-lms(eu-(g A =(cosch.sinek)
0 A = (AR+BE) + (n) e T ==

= (Sinot + Sin ?)l + (cosd - c»s(&)z

= -'looso\cusF +').s‘mels‘mf> R-= ((‘_OSF> ,=SiA E)

Cos(l+ F) = CoSclcos F; -Sin olsiv\%

® Join AR , AR cuts 4he =x-axs ab C.
Then Cg(s‘melmﬁ-(-c‘.osols?nﬁ o)

Sinci+ s

Consider +he area c-f AOBR :

) area cf ACBR

4 OR OB Sin(e p) = L SinGep>

) area c‘f AORR area erf AORC + area c_)q AORC

.0C - AN + -'T-OC-BB'

vl-

- OC.- (AN +BR)

v/ SV SV

. Sinolcfs‘ﬁ + cosolsinp (Sindh4 Sin F)
Sind+ S?V\F

- (Sincteosp + cosolsinp)

s‘m(el+F) = s'w\olcos§+ CoSe(S?nF



Theoven 131
Cos(cl+ %) = CoS o(c::sf; - Sin oksin%

Sin O+ F) = S‘wxolasﬁ + COSO(STV\P

Com]:owf\d anﬂle j?omula

Sin G+ F) = S"W\olCDSF + cosdlSin
Sin(t-f = sinclcesf - cosclsinf
cos(a+ %) = CoSolcos (5 = St ASin %
Cos(ot~ P = Cosclcos f; + Sinosin %

1 -l-nkig Quotient

_ tand+tanp
‘tah(el+%) === " V'\F

_ tand -tanp
‘fan(el—%) 2 == = V'\F

> Product to sum Formula
2coselc»s% = Cos(ef) + cos(al- P

—Qstv\elsm% = cos(d&%) - cos(d- %)
'Zsinekc.osF = Sin(se@) +sin(ok~(s)
‘D.CosdsinF = SIn(S+@) = Sinlol- )

put ole BB, gabZk

Sum o Fr'ocluct fbmula.

SinA + SINB = 2sin 2B cos AB
SinA - sinB = ').casAJ.f— Sin -A:ll

cos A +cos®B

D.CosA—;B— cos -B.'Zl

cos A -cosB =-2sn 3B qin HB

) re|>lace (& \o:a -%

) re|>lace % \og -%

Double aﬂﬂle fovm,\la

=
m CoS2d = Cosdh-Sind

= dcosA-| = [-2sidol

Pt prt

— 7 SWMDA = DSindlcosA

vf—l-hels-l-qyd-&\eSrdeﬁf



(4 Parametrized Curves

'Rz- {('l.l-a) :1.t3ek'§ = set c‘? Poivr&s af “the coordinate P\ay\e.

A parometrized curve in B is a fusction Y IR . where I s an interval.

We can also wrtte Yt « (260, () | where el

g \dea 'Rra%a\rd e vaciable € as time , Yt « (260, 4y0) gives the posttion cS‘ a moving
-Par(:'\cle on %-Plov\e -fm— a gven time ., and the curve is the locus u? “the Pad:icle.

EmmF|e 1.4.1

Let Yet)-(xcb.taet)) = (rcos €, rsint) fw 4 elo.2md |, r>0.

L

¥ =(o.r)

-
Qs rsint -
Eliminecke  : ¥ = (-, 0) Y(g); ¥EI = (r,0)

Y+ Y+ o+ (&‘ -

So X de?wes o crdde centered at -dre oﬁ%iV\ YELY: (o.-0-r
witdh rodins r.

{:u rcoskt - )

EmmPle, .42

lLet Yet)-(xeb.(aeu)st?wta,%rtb).fw teR, a.bfo.

{:u P+ta EN{)) “c.a
e %+-Eb - / slong-g-
. . X(o) = (P.9)
E.‘IW\IV\G'&. n / P}%
X~ -
_QL,_‘AE‘L_(:-&.) /
4-2 . b
x~1> T

S XY deg“\wes “he sbm‘n%wc_ line Passm% 't\'m%‘n P wirtn s‘lcFe %



L5 Sei«;«e_v\ces sf Real Numbers

EmmFle [.5.1

Lleb aiz2 , a=T , a8,

OR wyite as fam.=,...3 (No patkenn)

EmmPle, S22
Sei’uences hav‘mﬂ 'Fa'(:te_vv\s:

L-Cb Q=1 , Q=2 ,CL3=4 [ in Seneml 1 ah=1“-‘
leb aust , @u=Lt ,ay=% , - in 3enem| , a..=—,!L—
let aiz-t , ag=1 Qy==-l , - in 3e.nem| ‘ G = 1)

Ew.w\Ple (53
Recursive Sequence .

Let {aad be a.sezaence cf real numbers deflwed loaa A=l and ap=an+2 for n=l.
Then fad={1.3,11,n3,...3 .

Remark 7 Defln'rﬁm\ I.5.1
A Sequence. c:f real numbers fa.d can be regarded as a fwxcb‘«ov\ j?=2*—>IR )
and a,\=f(y\) (e given neZ . vebum the n-th term of the se%»evce.)

A Sequence  can be visualized bé the follouinj diaﬁmm :

4
Qn=
a:=|
[
K a,;"'i a;=’L
% - 3 &:t
l 2 3 4 x

Pwa observation ?

When n is 3e:t€m3 laraev- ard (a.rjer , O IS 3e&m3 closer and closer 4o O .



82 Limits of Sequences

2.1 Definrtion

Definttion 2.1.1 Clreformal )

Let fad be a sequence of real numbers .

¥ onis Seﬁ'.iv\:) lacger and (a.rjex‘, a is geting closer and closer 4o | eR ,

then we. say L1 the lwit of -the Sequence fad and we dencte it by lim_an=l .
ln this case, {a.} i1s said to be covwerje.wb.

Eﬁamrle 211

[im L -0 .

N—>ecs
im ' does NOT edsk.
N-Doo n
- al\g(‘ 0
(Rt some  still werke v‘\i_u{\ 2 it or U
= Qy: | =\
say ! dwar%es “o 4o ) * *
lim 0" does NoT edst. : 5
[ 2 3 4 x
Ql--! Q;:~(
® *

Theorem 2.1.1
D) If an=k for al neZ" (constast Sequence ), then v(\i_v;«”an; k .

2) ('f k>o and a.\=n'k=7‘@ -for ol neZ', then vlgv\wa“=o.

) lf -lca<i , then v!&a"':o.

2.2 P\lsebm’(c ’PYDPQY'(:!QS cf Limrts

Theorem 2.2.1

Let {fad and fbal ke sequences Gj real numbers.

|_'f yl\i:,w“av\= L and yl\i_v;q“b.\= ™M (vera ’(Mrorbzw(: a.SSuw\Fhon), then

) J\i;q“a.\+b.\

Jig ot fiy o L4

e

3) yl\i_“)’\“av\by\ = (hM a“)(yl\igmbm) = I—M

n>oo
lim a
L) M#$o , | On _ _ wee ™ _ L
‘5; vl\'-v;qcc bn liM b,. M

n->o00




Etamrle 221

Find  lim % +3

N—oo

Loaica“a_: 'Ba @
= 0 = 1 2 i = . =
© o > Jm koo So lm ks (n 20(m K) =20 -0
Bg w
1 2 . = i 2 = i 2 i L] =
(©)] y\l,l:", =0 &3 R , So “(.:n& ot v\l‘gna " +“l;:n°~3 o+3 3

But what we write :

a2 = lim 2 4+
y\l_v:\“ V\.+3 V\i-':\u: n +V(\|-:D'\a3
= 0+3
=3
Examrle. 2.2.2

A nw+3
Find n('_'l'; Mo-ln

2
th—“:\ n:?\-w (We camct use @ , w‘"‘g 2)
N e

3
| =+
=n1:\2° S L (Now, we can use @ ?)
w
N 3
vl\‘:‘.‘..'*w
B> &
.
=5

Exercise 23.1

3
Fund i 3n+l , NP 4 128 ; -
ol REe ARt (Fest)

3 oS
Answer : |im 3ntl lim N 4n, < % § el

2

N No—2N — grows -faster N—voo 2N + 1

3
lim i;'\'“ =0, lien ;;g:‘:\ does  NST  exist.
N - n—oo
Pwa cbservation 2

'Basicalla_, we are c°mPaﬁ'\ﬂ the deﬂrees cf -the numerator and “the denominator .




Conclvsiev\ s

If ‘Fbo and %&) are ‘Folanomials .

™m m~|
PGO = QX+ Gt X 422 £ QX+ Ao wrth am#o

Cdeﬂ 'Fbt):m)
(deﬂ qe0 : k)

Qe = b + Ay 4 2 b +be  witth b £0

+oo lf m> k
R R S

(0} i:f m< k

Fo“ou'mﬂ His idea :
Em«mrle 2.2.3

Fi . 3n-1
s Tt

lim _3n-1

N> Jadian vaah“a deg='
3_J_

= hm n

N->00 “l-+-'>4

n

-3
oY

Examrle 2.2 .4

Find  lim Jnst -Jn (Never sai lim st -dn = 0 —o0 =0 )
N>R ‘8 N>R

hm ,JYH- -dn

)

,JV\,+( -l-JV\;
= hM ,, - I  —

= hm N B
AR PYPII o

=0
Em«mrle 2.2.5
n
Fird  lim 2.
n->oc0
Question - Cav\ we i=L.)_“ ayd im - =0 so hM 'J.“ o 2
é n n Wrss N ! NS>0 N

P\\osolwkelta NoT 2

Since ii_u)n* Y does NoT exist , ‘FvoPerEa Q) _cammst be a\:?\ie.d b




2.3 Constant e

'!im“(|+'w)n exists ? SOvv\e'H'\ivﬁ betweenn | and oo

Theorem 231

lin (4kY exists and the lwit s called e.

24 Sandwich Theorem
Theorem 2.4.1 (Sandwich Theovrem )
Let fanl. {bu} and {cud be Seiuev\ces o§ veal numbers .

Qeometvical me.am‘mg :

y X Cn

m
O Fx om, Say ms 100, N is 3e:(-bnj |a.r3er ond (mje.r.
Nn=10 Nn = oo N = 1000
Q=+ Lm)n= Lot Q+ #)‘: Lot Q+ #)ﬂ= Lot
2) flx n . say n=loo , m is 3eH:mj |a.r3erow:l Iaﬁer.
m = (O m = (00 m = 000
U+ wl\)n= 'S 1+ #)n= Lot'? ((+Lm)n= ool "

Nn=1o Nn = (oo Nn = |ooo
I n 10 1 n {1 1 V\_ 1o
(I+W) = (.1 (+4%) = Lot (1+47) = L.oot
x 259334 =2 Fo481 A~2FIS2

Consider a_number  (1+L4)" which deFewe\s on bsth m and n and Hhen

n — oo

G+ Lm)“—n»

mw\_— oo

Q+ #)“—> (

How about seﬂ:wﬂ m=n_and let them become la.vger and larjer 2

. — o0
n
(+5) > 231828 ...

limit exists and call & e.

|f CnsbnscCa for ol neZ" and vl\.'.!"na"‘ﬂl\i.“."acﬂ“- . “hen mbn=L.

x_bon In fa«:&, the resutt s still bve f

b % Qn Gn s b, sCo -for ol nswn,.
K
L. x -
L <
%

& [dea : Estimate a Sequence. bl tHhat we do net  wnderstond \lea&we.(l !ua_
Seguences faX and fck that we wderstond well.



E*Aamlﬂe. 2.4.1

Find  lim ——
NS0 ,V\.+( -(-JW
( l + . L
Nc&ezosmh’x Squ -foral\ neZ" and vl\'an°=v(5-':'n-}_|x o
B\a Sanduich theorem ,  |im l =0

"o ol i

B<Am‘l>le 2.4.2

Find  im —.!rsivm,

LG T

Note : -—,!fs —rlrsivaS -l,,\', for ol neZ" and vl\i_g,v\“"yl'\ﬁvl\i_v;n“‘k =0
BV(\ Sandwicdh theocew ,  |im Lsin=o .
N300
Exercise .41
n
Prove that  lim LD .o
n-00 WU
Hirk : -1 s 1.
Exercise 2.4.2
lf CnsbnsCn -for ol neZ" and v‘\i-!".aa“=“ ) vl\i_n’n”c.ul ,
can we conclude Hrat -ls= lim bas ?
N=c0
No! Consider Qnz-l--f , bz, Cu= L+ -for all nez .
We have ansbnsca for ol neZ" and ,l['_:",o"““‘ , vl\ir“c.\z( ,

however  lm b does not  exist .
-2

‘a)
.
»
<~ Cn= (+
. x ..
bv\-.(~l)“
>
% : x PR aﬁg-‘-l

n
%*




83 Limits of  Functions

3.1 ’Defw(:ion

'De_fv\'r(:ion 3.0 (Infemal)

f Seo gets closer and closer o a real rurber L os x ogbs closer and closert 4o <
From both sides, then L is called the [imie f-fm ak ¢, and wewﬁ&e.ii_@cfw=L.

n Hhis case, f(x) IS Said to be covwex-%m‘c'to L as w *erds to o |

L_ ---------- ]

]
:
|
( Ce— X

T Note : A [ite bk m’us[ea.dirﬂ !
f(c) ma.g NoTeral 4o L , even 'rﬁvmuabe u.wcleflned?

E"""‘F‘e 200
|f f(u)=1.+l . flnd _,le feo .

t * 0.2 0429 o.q99 ( l.oot ot [.l

5(1) Q9 199 1Q9] 2 200t 200 2.1

f(x)'terds%olcsx'tendstol.
We write  lim f('x.) =2
A\

Remarks :
D+ The +toble onl«a_ 3ivs an_inturtive idea , but NST a ﬁawws Procf!

2) A\wags Remember :

Do NoT resaml jlndinj limt as Fw(:l-.mj =1 ito fe.) ond 3d'bv\j j?m=').2



EyamF‘e. 2.1.2
Let 'f(vo be a ‘fvmc(‘.ion deﬁv\ed log_ -feo='£+: L x# L
Ve, can rewrite 'f os the followins:
feo i {X.+l lf- X#|
w\deflvxed

if- x=1

g e

%X 0.9

fﬁ_) 1.9

0.]9
129

0.999 ( (ool (ot .l
1999 w\defined 2.00f 2201 2.l

‘f(x)-éemls-to'l as x tends to I.

(But , we do NoT care what l«\aﬁsens when x=10)
We still hove |lm -f(u)=1.
A=D1

Compare. with -the 'F"'e"i""‘s examPle ?

w [dea: When x 18 "near” |, betda -1 and x-I  are swall,

but the %ustiev(t o‘g dram s nokt small !

EmmFle 2.1.3

X#EO

L

(o) if (6'
Let f(x) = {

N

Y= Joo

x =O.1

-0.01\ -0.001 | [¢] |
Feo o o o

[oN=le]] O.01l o.l

O o O

—[=]

Do NST care 2

,l‘f!,"o'f"‘-’ =0 whidh does NoT ei,«al +o :f(o) =




Emele_ 314 %'r

Let f:‘k\{o'i—ﬂk def‘me:l ‘Dé -fw“’% ' lé’fbo

x -0.1 -0.0l —0.00| O.00l| OS.0l o.1

o
U
Fo S 10" (c° Undefined c° (c* lo

f&) +ends to +oo (NOST a veal number) as = tends 4o o.
igo-fab does NOST edst.

(Rt some  still wrrke ’l‘lz\b-fco~+co or_say -?eo d‘maf%es +o +o as A teds o o)

Theorem 2.1(.1
. N
0 lf k is a constant . then JLi_v:\ckd: reﬁa.vclegl oS a constant -fw\ctimfemk.

2) l'um x =C .
xXL->C

S
>

S5

>

Feo=k Foo=x

'Deﬁwr(ﬂon 3.10.3 (|v\f:rma( )

ffbo 6&3 closer and closer to a real meoerLcsxaeEsc(oseraml
closer to c from the ﬁsk(: (left) hard side , then L s called the
ﬁ%h'b (Ief(:) hand  limtt. cf f(ao at c.

We denote 1t by lim, oo -l Clim Feo-L).



| .JE x>0 % ero
R L

Remark :

'RISH:, hand limrk and lefb hand  limtt of a j?wcﬁon at a Fo‘wa are NoT necessany
4o be the same !

Theorem  3.0.2

I feoeL ol oo o fin, FoooL

ExamFle, 2.10.6

x ® w32 49 = Fe0
R D a

a f %<

®(2,)

.S

Give.n that Jg\l f(x) exists. What s the value Cf a > *

ilnl Fo exists = Both i@ffw and 7li_v;v\_‘l_ feo  exist
ot g e J o v

ii-;“z"' fw : -li-'>“'z' f&)

liw\... x = liw\_ a
A2 D2

2=
ii_v’nl‘feo exsts , fwce.s a=2 !
Remack : e is v\cﬁ/ﬁr\% related o -E(:.hl.




4-

Eca.mr(e. 3.3

Let f(u):lxl {x T x=2o0

) =
f =X T X <O -
i &
llm,._'f(:.)- llm L =0
7(.-)0,, Dont skrF'

<4
lim_ feo = lxm_-x =0
A>0 A>S

llm_._be &ro_fbo=0 ard So_)!_i;nolx|=
Remark : We cannct say _lig\of(ao - _ii_v’no'x or ’I_ig\ofeo - _li_v:\o-x.
since  when we fnel iil',“of(’) .we need to consider -the neijl«borlr\oacl c:f 0.

However, mf(x)=iiﬂ % =2 Since ja(x) =% in_an neijkborkood ﬁ 2.

3D Psljeb\m.’lc FPV‘UFE\‘":IES cf Limrts

Theorem 3.2.1

|§' beth Jj_g\c‘fw and J}g\caﬁo exist (\/ev% imro(('awb asum-l:'l:ion?.) then
W fin Feoegeo = Jig Feo + Jig geo

@ ii_v;\c fw = 360 = alnl-'a“c. fw - alal';‘c. 3@0

@) hm -feoﬁeo = lim -j’eo : JJ!ES""
liwn -_feo .
@ lim foo . TR lim geo#0 .
<x>C 3(':0 J_'_';“cﬂw f 1—>c3

Exam?‘e 3.2.1

Fnd llg\z -5
Loam“a_ :

3)
© alniglx =2, S0 -;[&»A:.xl :ali-";\:.(x'x)

IIW\ x - liw\ X =22 =4
A

@)
@  lim 3= , limv(.z=1+,So i 2 = lim 2 - lim > = 3 4 =
xS ADY AU

A2 AU

® lm3-2, lim 55, so (.m 23252 b3t -l 5 =N-5:-3F
A2 A2 > A2

But what we write :

liwa 25
>N

A
3(liw|1c) -5
r &>
3.3 -5
3




Exaw?le. 322

Find lm«I 2-8

x-2

liW\ 33_"—5 _ 7&-@(3’?_8 _ 342@(1)1-8 N 3'l1—8 _

x - -5
X~ -2 R ~
II_V:ll x-2 (‘iml'x.)—‘z (-2

Caution !

e seems that ™ makes no d’lﬁe\rewce bna ’P&&v\ﬂ %=1, and “hen
:.g 3‘_8

-:[c"-v»\ 2 : =S

gw‘: “hink carefv\“‘.a I ] et f(x) 3" . how do aw know ’ltl_v:\' f(x):f(l)?
_l'lmvgs will become clear when we duscm cawbiv\m“rba cf fmc(:‘(ovs.p

Find  lim %=1
I TR
Note - 71‘-':‘: L-3x+2 =0, S0 we canct use &).
limn 7(. ! =l DD o Xt (A)M a2 oy
A A Foy 4 S x-DG-2) rx (Y Irg\l ~-2

R |
“x=t¢#o and division can b?. dome ?

Examt)le_ 3.2.4

Let f’TR\{'l?S — TR dcﬁned bg_ f(x)=—-

Find ||vv\ -fe:o

x>t %=1 x> X B+

lim -l = lim 5q+: Pt | CSome'ﬁ'flnﬂ like vationalization )

_ | -1
- i‘l"' GDE+D

= i (
m
T x>l

=L
2

le. 3.2,
EscamP 2.5 .

IlW\ ;-(lmx¥=‘(wxx IIM¥=O'IiM$=O ng(:l«ivsﬁ wrovg’?

A0 >0 x50 x>0

[im %_ does NOT exist, So we camnct use () at k) .

A-»o



3.3 Sandwich  Theorem ‘for Functions
Theorem 32.3.1

lf :fbn)s j(x)sk(x) for all xeR fc3 and L"—chw ==12ch =L, then ,léi“cﬁw =L .

Geometvical me.av\‘m%'-

‘6'[

(3'1"6(‘) In fac(:: the resutlt 18 still true f
Feos qeo heo holds in an open_interval

L+ Y=9%0 CDV\'eAiV\'WS c but Fesﬂol‘& e@elsb c.

c e &

ExamFle_ 3.3.1
Rove that lim x*cos L =0 -

A->0O = /‘a-i ....

...... a 1 e
Note that : -1 s cosd s 1 For x#o O //\
..-7'\'-:%_ r-N -5{5--_7\-'---

-« s xcos —"‘_ << / \'/y R h

ond ‘iw\ - = hm =0 Ny= T
A0 A->»0 ‘3
B'a Sanduwich theorem ,  lim x"cos’j—'t. =0 .
A—>0

Remark :

Sandwich theorem can be. Senemliz.ed +o left and rtﬁht hand  limit .

et j’,s,h R=>R be ‘TW\cblov\s and ce®

8 feos 3@05!&(’0 For all x<c (x>e) and Jim Foo = lim_heo = L Clim Foo = ln heo = L)
then ilgndgbf.)=l_ (Egc+gu)=L) )

Exercise 2.3.1

e l
Prove that ii_n;\'_._ ('x.~|)s|n(m) =0



Emwxrle 332
FPWVQ. that l'lm X cos=— =0

PR x

Note that -l< cosst  For xpo

-l s s bl

—_:'L < x| for x#0

Also  lim -kl = lim k&l = o
A>0

A>0

b\a +the sandwich theorem , lim 2 cos—- =0

*>0 =

oo -lxls « cos

Theorem 3.3.2

s Sinx
m —— = (
1'&-10 =X

v [dea: When % becomes small (but mst zers) , bsth stinx and = are swall,
but the %Asbiewt oﬁ Hdrem 12 not small ¢

proef

1) Consider 0<x<Z , we hawe

BAvrea cf aohC < Prea cfsec‘:w OAC < Brea of AGPR

L}_r’s‘mx < ér‘x < ér‘"to.v«w_

Sin® < x < tanx
——

v Y

Sin Sinx
— < | cos A< =0
COST{_<SI%<| -for Ocx<IL |
Also, lim  cosx = lim 1= 1, -Hr\erefwe lua the sardwich theorem, lim SAx -y
%x>c' -ao"' x=2ct X
2) Consider -Z<x<0 , we have
L et Y=-x. then <><|a<J>3_r- , <o
cos 13 <S'_v“a'ﬂ'_< \
Siv (=x)
Cos () <« === < |
Cosx<ﬂ%< | -Yor —%<x<o.
Also, lim cos x = lm (= -Hr\ere-?vwe B‘a the sandwich theorem , lim Sax .y
(>0~ X0 x

LBy 0 ond @), lm, ST .l Siax . -Hc\o_re-?w?_ I:M? =1,
‘& *x>c"

X A>Q x>0




E«zvnrle 3332

Find IIWI S-_v\’a.a

x>0
Iwn J_S‘V‘ IIW\ Sn3x 3 _,.3 _3
x>0 XH>0 e Y pY Q2
ExamFIe_ 33.4

Bnd liw\ Cos ax. ~Cos bx

x>0 ~
a.-l-b b =A
Iim Cosax-cosbx _ liw\ 2Sin 757X Sin
x>0 = x>0 =

- l a+b -a
xlr’no W= )(—.2_

SIV\_b' X Sin -% x
atb b-a
E 3~

_ b-a
3

34 Liwks at lrfiv\rba
Defn‘raon 2.4.\ (|y\:%u—ma()
closer and closer 4o a veol wumber | as x gets bigger and bigger
F= g big

(as % goes 4o +o0) ,then L is called 4he lmit of jzbc) at +oo . We wrte xh:)“-q-nf(ﬂ‘L‘
( Similar deﬁnrﬁon ‘fbr ii_glt_af(x) )

Fow the %mF"‘ we. have

’ L_-/__\____
im “‘f(wo =L but igv\_“‘f(ao =M.

('\m ‘fbo and liw\ -feo are. NOT necesava o be “he saw\e.g

However f (“M = llW\ ‘f(ao L , some Siva(a write, 1ﬁvi\mfbo=l_.

Exa.m‘rle_ 3.4.1 %‘F
Let jzbo == | xz#o.
Then (um ‘f(ac) = (“"".j"’*’ =0,

2 o

or s:mPha wyike. J_i’ug“-fbo =0.

y=feo

ﬂ\f

Theorem 3 4.1
(D) lf k>o , then livn #=o.

AH+too

2) lim (|+-‘-)°L e~ 231828
*too o -




a>1

Theorem 3.4.2

If a>l , lim a< o
A=H-00

©,1) a=1

If I>a>0 , |im a‘- o
A~y +too

N x T
lim (™ <1 o2
e & 3 X1

35 Alagbraic Properties of Limtts b Infiritug
Theorem 2.5.1
¥ both lim feo and Jmugw exist (Very 'umrw(mrl: asum]:-(:iml) ,then
Wi Feo+geo = fin oo + Jin_geo
D i Feooge e i Feo =i gea
® Jnfoge - i Feo  finge

I _Feo

@ ﬁ%%%=%??§_ § Jin g #o.
® D40

Similar vesuhts hold -fbr liwks ot -oo.

Examrle. 3.5.10
: . 3¢
Find x!'-'-“m CHLA | N
3 BTN A
,tl'_*:\m T == T = (/Bctl'\ limts does NOT exist.
im )
3 & T

im
I
X3 4ty

2

i ——
X34 [+O+O

=3

ExamFle. 3852

Eind  lim 2!
X3too 50 + (
A4\

lim
X3t o Do+ |

2 L
X>+eo -2 L
2 x+x‘

- _O+tO
3+0+0

()




Cor\clusim :

l‘f "Ft:o and geo are 'Folévww&als

PEO = Apk" 4 Gtk @x Ao with Amio (e, deg Pea =m.)
{

%(10= b + Gy X e b +be with bago (e deg %(x)nvl,)
“then

4+ /-0 'lf m> k

L PSSO Gm i =k
ﬂl—lﬂ-\a %(70 - bm ‘f L

O "j m< k

Similar vesute as the case i lwits :sf Se%uevces.’

Exavnlale. 3583
Find

[im =
X2-00 N4t

r('deﬂ (
[im = = limrt Should exist ?
-0 A4

D rbuslf\la, deﬂ l

= hM

-t
e L et

=l ! (Casbion %<0 » L fil) =-[2)
- {_ x x >
x> _ ‘i‘;,__ll-f+l x
|
=lm -——
Ad-co ,q__!_i_;
=-4
2

Fo”omivﬁ Hris idea, we are 3°M3 +to compare. exrov\ew(:’ml 5uv\c'€lons ard 'Folanomials.

“Theorem  2.5.2

k
k_~x N x .
D) li_v:«_mvc.e = me_e" o, for any k>o .

A>+oo X>+00

(Rouxah(«a Sreaking : PAs %o+ , €° éwus ~-fos(:er ’ -Han GV\H 'Folav\owia‘.
"me can be done when L’ HS-FEQI 'S rule s covered.

2) lim ’F(x) e—x= Ilm -';‘Lt:) =0 ‘for‘ avua 'Fclamowﬁal 'FOO .



ExamFle. 3.5.4

* - X -x
Find lim &€ ond lm exe
AD+0 e?‘-_e AD~-0 e"-_e
PR —
x  -x dominati “‘erms x =% domincati “‘erms
lim &+e V‘ﬁ lim _e"'e'x n3
A+ e’x-_e A>-00 et-¢
2% L
i Lt - lim € €1
A+ | - g2 A0 oL
(+0O O+1
-0 o-\

o {dea: —E-\\tlv%_ %uxo‘bewb cf te dom\v\aﬁv%_ “~erm.

2.6 Limts lvwolvinﬂ e

Exam?le_ 3.6.1

Find hW\ (|+'2.ll )x
A>+oo : >~ Loxn+d
lm  CGe—1—) = lim  (1e—L
A>+oo p 2| A+ 22X -\ " N
2%-1
. | , LS
i“—v'i“-l-m[-(l-‘-l’x—l > ] (H-').x-l )
= e'k |
eJi
Exa.w\Fle 3.6
Fiad  lm Clesd®
x>0

Lt t&=-§a . OS >0 , t.a,—):l-.on (Nst ouha +oa , bt also ~x)

|im (l-\--:c):h < lim (l+—‘—>(& =e
x>0 (a-»*eo 8

Next . consider lim €=l
xo X

) [dea: When x becomes swmall (but nst zers) , botda €% and x are swall,

but the %Astiewt o;f Hranm s not small !



S|
lim &=L -
x>0 X
X < <
Chezl:inj e = |+'X+?+?+
a4
< X A==+ x K
lim &=L . lim 2! 3! = {m (224X 4.0 =
x> X x>0 =< XD 2l 31!

) _is d'\eabh% SIince._we._are Summ’-v% up \w?n’rtz(‘a w\ama small terws |, So a(ﬁe\oraic, FbeeHues
cf lmrts  Hreovem 331)  Canncst. be aPPlzed.

Exercise 2.6.1

Ose a cdeuator and il the following “table o convince yoursel® -t L. 1.

-0.1 -0.0l —0.00l| (») 6.00lI Q.01 o.1

X
< el

Exp.w\Ple. 262
3=

d L2 -
Find Jin £t
3 3
lim €=t . lim €= 2
*«>0 bR x50 X 2

3
. - .3
Glin 500 Clom 20

(3

3>
=




3.3 Sandwich Theorem at lnfin‘rha
Theorem 3.F.1
Let :g,g,h R>R be “fW\cbions .

lf :feos 3(1)51'\(70 ’fbr al xe®R

and _lim feo =lim heo = L, then Jim geo =L

Geometvical meani 1\3 :

“ah
‘agp\w In facb the resutt 15 sbill trve lf

(a—%@()\ :‘fbos j(x)s'r\.(x) '_fbf al xela,+=)

g=feo

<

Similar vesutt holds -for liwts ot -oo.

Em.mPle 3F.1
Find lim €*sinx
K-> +ted
Since -l <Sinxsl ad €*>0
- < e’ sinxse
NG'EZ : liW\ 'e-x= liW\ e:i: O.
AU+ AUt

Ba the  sanduwidh -Hheovem |, ng\m ersinx =0

Exercise 231

Show “hat lim SMxX _ o
WD +eo x

(Dont mx wp wikh lim  Siex o ()
%6 X



84 Cowbmrba,
4.0 'Defh‘rﬁon
'Dejiv\'reon 4.1.1

B fmcbiow fbo 13 said to be corttinuous at x=c 'I'F lim feo =ch).

x->C

L

e : ® -(-Jr\i.u.a_ e%a(
lim Feo = $Feo>

xX-SC

7 \

@ limit exists @ well -definecl

Geometvical menv\ing :

/_\\ tHre cune does N&T

— leak u? at He ']>o‘wtt x=c !

Furthermore , If a fwvc'(‘iom f 1S conbinuous  «t every Fo‘m‘b whenever tt s dzjivx ,
-then 'f is said to be a continuous :f»\d:\ov\

(A A (G:f(’o

_\
O - - - - - - - -
i
(]
N
+
4

let h=x-c , ie. x=c+h (Remork : When x<c ,we havwe h<o )

When % tends to ¢, h tends to O.

_\'ke.re:fom , we have ancther fuwnula(:ion :

A 'fumc&icm -f(-x) 1S Said to be continuous at x=cC \-g J\Tof(c+k) =)e(c) .



Eta.m]:(e_ 4. 1.1
Let §:R>R be a fnction defined by o=+l
We have : @ fimfeo = fimx+r=2

® fw=+1=2

f is continuous at %=1 .

E«zm]:(e. 4.1.2

Let 5=R—>R be a.:fw\d:iovx deﬁned B-a
Sinx f x#0
- K
fh) {a. f =0
.. X£0

v )
Sinx _
We have [im £60 « fim SO - |

Recull :
lip S0l B and oy B Jim Foo = oo - L

Rewvrte :

E«a.mr(e_ 4.1.3

£ g

-1 if ==\

(= tf < |

© lim L0 = lim, -\ =0
A A

@ lim 0= lim (- =0
&) x>

® 'f(()- -1 =0

" f ® conbinuous at =1

. f is continuous ot x=0 & gg\cf&)sfb) ,ie a=l .

A 'EWI\CEJOV\ -f(-x) 1s Said +to be continuous at x=cC l—§ Jig\c_f(ﬁ =’|Li_v:\c+f(1) =f(c)

P
\‘&A y=feo
—> X




Exercise. 4.1.1 g,
Show thak :ff:x):htl is o  cortinuous fﬂ/\d:ion.
Hint : Show that fw is continuous

) for x>0 ; (i) ab %=0 ; (iD for A<LO . >

Theorem  4.1.1

. 'f -fw ond 3@0 are continuous at x=c , thea -_feoijeo ,fw3eo Jﬂﬁ% (gw#o) are cortinuous
at x=2c as well.

. Po(ammaal finctions _and_exponential functions _are_continuous _everywhere..

. -Tr‘lsonomebric fwxcbons and |03ar-'r(:’/\mic f-mc(:ions are._continnous at eveny point where they

If 3(7.) is conmbinuous at x=c and feo is_continuous at x-j(c) ,then f‘seo) is_continuous at ==c.
(That ‘s """"g we usv\alha have _ii_:\: =f(<:) as we Msua."ca look\nj at continucus fmc(:lons.)

Ecamrle. 4.1.4

3
Let ‘f(x) = %‘::-_l iucf(:iew‘:. c'f ~*to Fc‘canw'\als ( continous -fwv::tiens)

A
= -&I_*_z)('x 5 the deromnator = nonzero when x £l or 2.

2. f(x) is_continwous at = e R\ {123}



43 Continuous  on [a bl

Defivickion 4.2.1

Let §:la.b1—®

]e 18 said to be cosbuous at wsa -f j;ndb-f@rfw;
-f it said to be contiumous at w-b -JQ i%-f(1)=ftb).

a1 oy Feo (o, )

(k)e. camst ke about
,im_-f(x) and Jéru_-fbok )

A

Furthexmore , lf a fw\cl:ion fﬂia,lo] —-TR I8 continuous at every Fo‘.vrb x e la,bl,
“+hen -f is Sad to be continuous on [a,bl.

Theorem 4.3.1 ( lnbermediate Value Theorem )

Suppose that § 1 continuous on [abl and Far < fo .
Furthermove |, rf | eR such “hat -f(ak L<)e<la).

then there exists (at least one) ¢ e(a.b) such -that f(c)=l_.

‘61\
5 O I ——— '
N A
. |
= 'f@—--:/—\-/v E
! !
a b

Similar vesue  holds ’for -fw.) > >f<‘o) — (What 15 +Hhe "Ficbwre 2)



ExamF[e. 4.2 .1

Letf&)vx.‘

0) -fm=|<1<4-=-f(z)

® f is corttumouws on L1,27 Cla -fac(:,ov\'k)

B\é the lrbermediabe \alue Theorem . there edsts ce(l,2) such that -f(c)=cl=')..

c s A Lsa clefin‘r(:iovx !

L lsdzZ<Y  (estimates 5)

9, @=*
We can -fw-(:ker destain a  better estimation lma-. |

4 o __
® Take -the miq\-'Foier cj? L], e IS .

[}

® -ji((.s) =235 > . 225 !

Pl i |
® fir=1<2<225 = FU L - :
- l<BE<l5 U8R 15 2 >

‘RePeattiv\s aﬁa‘m and again 40 obtain better and better estimation .
H s well-kwown as  wmebred cf bisection !

ExamF'e. 4.0 2

Show 'Hr\a(: ).i= l‘\QS Clb lensb one SOII.IHUV\

L
*©

(ie. let j?@,g)_"..'_ the eﬁuat(:lon fOOwo has at least one solution.)

b

+
Note -Haat f%)-z -(_i_),=.5.-4-<o
f(l) -z'-—:.;:'z-l-l>o
ard £ is continueus on [ .11
E&a the lrtermediate Value Theorem , there exdsts cet, o)

such that f(c)='f-c%=o Lie. 'f.CL,_

'Re.mor‘k*-.}_and!canbereﬁaced ‘oacsﬂr\er'l:omﬁ aond b, but we have

'Eown‘asw'&dtfiscmﬁmousonl:a,lﬂ.

o
f(-().l-(__n"-s-l.-_(i<°

f(l) -2'-—:,- :2-l=0>0

Can we use the lntermediate Value Theorem 2 Not f is NST continuous on C-1,13 !



4.3 TRelative and Absolute Extrema

Definttion 4.3

_}e has an dbsolute  moximum  (minimum) Ppoint_at_a f
foosf@  (fozf@) FJor al x wm the domamn cf 5.

')a' has a velative.  maximum  (minimum) Ppoint at a Ue
fcaosf(oo (fc:oz—jca)) for al = wm a n.e.ial'\bov-kood cf a.

[dea : relative  maximum
q = <9
f \ 4 1o

Neote : No absolute maximum
) N ths case .

Adbsolute minimum / K velative  mivimum
Remark
0 We SlmFl\& use  maximum [ minimum o refer relative. maximun / minimum

2) Absolute maximum / minimunm are also  called jlolaal maximum /[ minimuam .

Theorem 4.2.1 (Maximum - Minimum Theorem / Extreme - \alue —l'lr\eovem)
Let :f=|:a,\o:| —TR ke a continuous f\mctiov\.
Then '} lhos an absolute maximun ond an  dbsolute  mnimun on [a,bl.

a\DSOIu‘Ee maximum
0% p ren
G\‘oSo|u\+e maximum
.

| |

| I

I GbSolv\'(:Q |

: minimum’-\'l :

! 1 ! 1

! « I ! I
a | — & —

dbsolute winimum Absoluite  maximum / minimum maa be attained

at the bowdana ’Ibo'ln‘& cf Eﬂ.b]

Main iues‘tlon : GNQV\ a f\w\c(:lor\ . how +o jmd all absclute / relative  extrema
Dlﬁem\'(:!a:(ﬂon ‘Frw'lcles a 'Foue_vf«l ool -fov- “that .



&8s ])iﬁwlid’tiov\
5.1 ldea o:f Derivative
Recall : (averaﬁe.) SFeed - Jistance

“‘ime
distance.
)
T S'bm‘\ﬂlnt line
S=vt o \/=—_St-
S(OFQ =\ = SFQE.d .
, time &)
fRemavk :

Us‘mg cl‘sFlace.mevfb and velocrta Tf Yo know .

How dbout this case 2

S
A S=Fe
distance traveled distance traveled
<
fvovn t=0 to t=I fvom +=2 +to t=4
Y-S ( Sw-s©)) (S@»-33®))
StH=sO) 2 . ot U\'\La'? The SFeecl s Cl'\anjin«j.
I > 2 4

SFeecl is cliﬁemwb at d'ﬁerewl-, momevrt

Hold on 2

What 18 the w\eavﬁng o’f Speed at a ‘l:arhaalav momerct  (instartaneous sted) 2
We need a definrtton !



Instartanesus SFe.e.d at +=t,:

SA s =f(€)

T

I 23 = feksrat) —feko

v
(|.,

ch
X >+
+o Lotk
3
\Ie_‘(\a swall
PNe.\mﬂe sPee:l between +t. and +o+st
_ Chanoe in distance _as Lt st -Feko) - < Q
d\anau e in time at st °pe cf
™ ldea : Let st becomes swadller and smaller ?
Instartanesus speed at. tta i defined o ke fim_ Feborat) fe
(']:wv’tded H edste |, “t‘f so . it s dencted baa -f'ttg) )
3=fit) L 3=t
! as st-o /(
| _ ,
[ -
: | Slope = Fit
I : |
! ! E
’ >t ‘ >4

+t. +&t +.

Note : When st =0 , L becomes e "Eanjewﬁ he. at t= , So
S[DFQ c‘f Fhe -Eav\ﬁewt line at t=t. = -f'(t.)



Exam?‘e. 5.1
lf s=-f(-(:)='€, finel fi'z) Cinstantaneous sFee_d at t=2 ).

f’('z)

. ;f-(:.—e at) - 'f(:.)
lt"!'.o =t

® 2
: sty =2
l w) l

->0

YV e
lll:h-?;o T At

llvazoli‘l-‘.A-t =yt

In 6ey\e\'a| , we have tarf(—:o , Fﬁx %o .
Then 'f'(-x.) means  Yate df d«av\ae of |3 wrtda ves?ecb o w ot A=A .

befmrﬁon 5.1
$eo s said o be differenticble at wsxe # I Fowtso-Foo edsts (called the first principled.
K is called the devivative cffbo at x:%s and it s dencted l:ua f("&p)

Note : _Bé deﬁnrﬁion, lf :f(‘l.) is NoT we"-dejlne:l . then f’u.) is_ NST ue"-de:ﬁwed.

| et ax=x-%, i€. X =Aotax
When ax tends +to o, % tends to x..
_n'\e.\'efove , we_ lhave ancbher fwmula-(:iovx :
fﬁo is said o be dl:ﬁerewﬁaue at w=% tf lima 0 - ) exists.
fande BN B0 ™
-Pe\"form the -Frevious s-teP at eveny 'Poivtt:
4
‘/'banﬂewt line at (x.‘f(z))

SloFe‘ Zli"‘ Mﬁt_—‘@

SO




Recall : What is a f/«ncﬁon 2

'Roujlnl‘a gPeo.km3 . gjven an ivrr‘xl: %. rebun a value .
Now. we corsbruct a new fanction , 60 = | Fots0Fo0  (# exists)
oX

li
&S0

(ie. jtven anin‘:m':.x, returmn the sloFe of the -l:av\jew(: line ot (-x,f(:o), )

AX->0 oo &

lilM (‘L+AX)1- x‘

- AX>0 PAr &
Y
= iy 2xoX X
AX->0 8X

Iiwn AL = 22X
AX>O

Relection  between the Smrks of foo=x°' and 'f'bc)='lx:

% 4
T f(xhxl lr -f'eo =2
~<__ SloFe =-f’(x.,) = Ao f'(xo)
(’Xo.'?&b)) =D%e
T . .4
Ao Ao

Neotations :

a8 . %‘i— =f'-:0=1'x

d v
-Sé—l_“s- Z&L; fo-2@-6

befin’r&icm 5.0.2
If f:Aﬂ'lR is a.:f\mc(:’-ov\ that s d’nﬁa-mhiakle_ at every 'Fo-rr(: n A,
“then ftx,) s said o be a &'ﬁemwha\:le f«v\ctiov\.




Theorem 5.1.1
lf f(xhk,wl«\ere k is a constant , then j’&):o,

TN
Note : 'tavgev\'b line at (x,-feo) is hovizonrtal

k %=f(’:0=(: f(x) = O

> X

Cowcnz&. CQMFWEa:(ﬂon :
lim Sezao-fo | [m _k-k
lAy &

AX~>0 AXS0  AX
= lim =
A{z\o o
= liW\ (o]
Ax->0
o
Bxercise 5.1.1
Find f'(-x) f
(@ §ed =% Ans : f'@o=l
b Feo = oo = 2

Theorem 5.1.2

13 ft-xhx_r , where r is a real number , then fh)- ro ' whenever it s defiwed
CThink : lf r=—L, fm:R which s deﬁv\ed when %20.)
precf

Ueunl«a_ Prove the cose f(zhx“,mkere n is a nabual number.
lim Ferao-fo | |0 Gead- "

AX>0 &% Ax—>0 &

V=2
lim O o+ Ol + -+ Caal ) -

AX>0 a0
= lim -1 N N2 .. 14} n-t
agn C ™+ Ol a4 -+ Caaxd

et terms wth powers of ax

=N




5.2 Differentiobilthy and Continby

“Theorem 5.2.1
§ feo is diiferm&‘able abt x=%.,then j?eo 13 continmous  at  x=x,.
‘Fvoof : '516 assww’shiov\ ) AJ]_g '{("""A:i"'&"") exists

Pslso, we |<|r\oua lim oO% = O
Ax -0
i - = ‘f(-x.ﬂ;x) - ‘F )
Ax!-':of(h*'wo :F(_w Ax!?:o &% e
%ceb\ exist
= |im -F(-x"*'A’o _‘F@(") hm o
AX—>® 2y, & AxX>So

=f'<xo-o =0

|im ‘f(x..+¢x)=f(i.) . So 'f(x) s continuous  at AL=Ko..

AxX->®

However , the convevse s NST e

Erowple. 5.2.1 . (6} 4 'je("‘)

wERE N|

l‘um +_F(‘+A;Z"F(') - l\lwx [CQ+ad =1 -[1=

&S50 si>ot AX T axsct Fa> o

A

(£ weans we ave (ookivwa at
Small loxt 'resl-hve A )

2
[im Ci—G+a00] 0= - {‘M - AX
S50 AX &>o- &%

fiwn
Pav & 1)

'F(H-&O-‘FCI) _ - _|
&

(£ means we ave looking at
Small ozt V\eaahve, ax)

N ‘F(l+AX)-‘FCl) N "F(l+AX)—"F(I) - N L+ a0) -TW ]
fiun a9 4, = > AlL"f.,”o u_a does NST edst !

Pay £ 1. Pay EEY Y

" -feo = NST elzﬂ?e«zvvha\ole_ at w=1.




Exercise 5.2.1
) Show that o0 is continweus at x=t, ie. lim Fed=Fco .
(Therefore , the converse  statement of theorem 5.2.1 is NST rve .)
b) Write down feo j?ur x# L.
Arswer : 2% i x>t
$eo = wndefned  H xx1
-1 f %<t

53 Elemewkma Rides of tbxﬁ'wt‘.a(-.aon
Theorem 5.3.1

If f(-ao and 3@0 ore dr_-ﬂ‘e_raw(:iaue fmc(;ions +then
D 1qY60 = £60+ gbo

D -4 60 « Foo -gho

2) [product rule] (32-3)’@0 =§’c=03w+39m3’w

. /. Renge0 ~-feogo .
) [quotient rue] c;%-mo -3 3[%0;], 3  geso
pocf o -

limm  F-a)aten) - (£ 260
S>>0 Pay &

. lim Fetso Gty - Feoaeo

&SxSo S

o lim  Foteoo gburand - oo gburand + $oo gatesd - $oogeo

>0 pe
. lim Forso-foo {&+a) -g60
- &‘rlgo +A:x 3(’&&?‘_—* fm — t g(x) is dﬁevey\‘e\able
= f'@oﬂw +:&Qg’¢0 = 8(70 8 continuous

= AL‘ZQ S 3(1+ &) = 360
Direct c::nsa%uev\c& :

Thesrem 5.3.2
|f k is a constart and -5&) s a ekﬁevm{:iab\e_ :ﬁmcb‘uov\,-&\a\ ck-f)'eo =|<f3x.).
pref

US'MS —Hne-FmJuch rule and “heorem 5.1.1
ck$Ye0 =\f,|?,f(’~) + kfﬁv.) = ko




Em.mrle 5.3
Fid & (30472

G- = FEO+ S G - F @
=3 ﬁl;_(-x?)+:f§l;(-x)— ﬁl;(z)
= 30x)+FD - o
= bx+F

ExamFle 532

Find % RL-5x+ NCx+F)

ad; [@-5x+ VOx+P)]
=[ 32(313-5’“ D] (243 + R =5x 1) [%(7-1‘1':9]

(6x-8)Gx+F) + Gol-5¢+ O

1§22 —23

n

Tvva +o Sowpare. ExFav\c\ R-5x+ 1)x+P) and 6@.-(-_ Pl -3Bx+F
Then Qbﬁeevan"ﬁa'(t , gczt the Same vesuhe ?

Examrle 533
Find “dhe derivative of %

[ @] G - ) [ 65 1]

d ped
b o ="
- 26810 = 2% Gx)
a0
- D42
&+ )
EWF‘Q 534

Find the derivative cf —‘E—'FJ;
S+ ) = £ GHaah)




54 Hijlaar Devivatives

S&) : distance fwxd:lov\s (deFevds on +time £)

@ ous ) sPeed rate. ?f dwﬁe cf distance -travelled  wrth respect o +.
N&) %SE (Sbll a ’ﬁqV\CHOV\ Gf't)

Question : What s —gc‘é'?

Arswer  :  Accelevation !

= yxte cfd«anje tffs,m.zel w‘rtl«resrec:t‘bo'b-

We wyrke O&t)=%_t_’i=%l|:%1

Exm\?(e_ 5.4
S = £ \Jea=$b=u+, a&)=§ti=%:%=w_
S . v a
N St N gy N
o a=22
slope s RS stopr=2>o
increagiv%
> >+, >t
S*Feed s }ncreqs?ng
lLe. acce\e_wrb'nn%
Netations :

[ Sevml, let (a=f(-x.)
We hove . (I st dorvatne)  Sa . Sf - foo

(and derivabive) % . 9F - $ho

(nth donatve) S5« SE . £



5.5 Devivatives cf —rﬁsonome:tﬁc. Functions

‘R'zFameions :

¥
J_i.':' J-C:C% - l;_.;,. ls%i‘) Note: cosx = |=-2sm(Z)
© A0

[ __Sin‘ (%-)

Ao X (%‘_.)"

= L
PY
im d=cesx  _ i, Ascoswx
o T Y P
e lim d=eosx  |in o
Ao > x>0
P
= = (o]
= 0
ln SoSCxtan) -cosx . [jwy CoSX COSAX - S SInAX_ - CosS X
X0 axX AX>O X
= lim Cos x —GGSAX-l - SIV\% M
AX>o Par & ax
= -Sinx = [iw\ cos ax -1

OX>0 ox

j‘;‘z CoS % = -Sinx

Exercise 5.5.1

Show that ad;S"llrhc: CoS % L:a usinj method Similar +o the above .

coand

"\
SX-

I-cosx = 2sin (&)

Sin sx

©

ax

+an « = Sinx o o1 - Cos %
= Cosx Seex CoS X CSexX=Tx otz Sinx
Sinx  _ ® | 2 . .
S tanx=Fomm R - T ol ssedx o Brercie: By quotient vule

Exercise 5.5.2

Show -that

) Ed-f Sec = Secx tanx
by —qfd_z cscx = -~cscexcot=x
) ﬁz cotx = -csc

>



5.6 Devivative cf e
1

Clwea(ﬁnj = 4+~ + X 4

20
+ X )
3 -+

%e = %(l+x+
3

= O+l +-:c+l+%+
L

e ( 64:1\‘\“8 back H‘Se'f)

-+ .-

|P‘.: el o

3

GQeometvical meam'ma :

Emmr\e 561
Fird gL+ Fx-2)]

&[ex(%£+ Fx-2)1 [a%_ 1 GE T -2) + e"[&(%xﬂ:hc—l)]
e (34T -2)+ € (bx+3})

(2t + Bx+5)

Question : How do we elifferewtiaﬁe. A more covnlJioa'bad ijc(:’uor\ ,Such as  AxCezx 2
We need a ool called chain rule .

53 Chan Rule
Theorem 53F.1

f sz—ﬂR and 3:A—»TR are elﬁerewbable -fw\céiovs sudh that 3(1509'&,

then the cow?usr&e. f\mctiov\ (f°3) :A >R defiv\ed 58 (5‘*3)(70 =§(3f=0) is d‘ﬁexeﬁﬁdo\e and

%o 3)'00 = f'(ﬂem 3’@0 .



Hard-homderséav\d?Leb'srefomla& tt as :
Let u-ﬂeo, (a--jiunfcﬂeo) .~then

the. chain vule slmF\ua means S& - %3‘%??
. Ly A Au
_nf\lhk : A = T~ T4

EmnFle 5.3.1

Find the derivative of J=ewc .

let w-= qe = T30, 3—; = 2%+
Y = fo = Ju %‘f. —

—then -f (3(-:0) = Nt

. dy _dy du
'Bua_-ﬂneclmv\mh, e el s

{
= m '(‘21'*'3)

! - (2x+2)

PRy
Herertiats. ; \
hen P back oo Figen g
Emwrk 532
Find “the derivative of (020"
d
let w-= qeo = 32 ﬁ :
‘3 = 'f(b\) = %:‘i- =

—then o -f(%bo) = (3 -).x)m
FBS chain vule . j:': = 33 3;
= ot . (bx=3)

q
= 10 (2X-2%) - (b%x-2)
= 20(31’-)_1)‘1-(31-0

Slosm : diﬁexewha(-e. [aaer Ba [aaer.

Exercise. 5 3.1

Show that G- &2 ae™

Show that %0\.Jt = lUnada® ,-§w~ as>o . (Hink: " <-e

X

’tht nu= T+3x back

(

'Fm“t u=3x-2% back

na) dna)x
) D



Exercise 532

Find the devivative o (%)z
@ by using e chain vule ;
by by Nﬁ'ﬁnﬂ (== -

Z7) = ey and using the quotient nde..
Answer : Both eq“ml 2

Gy

EmFle 5332

Find “the devivative °:§ em

[st lw:)ev- ca:e_w W =

lVd l%« N=‘\]—“ V\=£+l
svd la&z\' M=£+‘

d%’ = d‘ﬂ- _dw dug
dx  dw du d=x

EmmFle 533

Reustk of guotient vule :

Grea- i’-(g_:\) = 3k (Feo Lgeod)

- g Lol + oo g Ll
S Apply e chain e
- g gt 5ol 1y

R0 660 — R0 9o
- ~ A
[gc:o]




5.8 lm‘lblic'l'b Diffevewtiortion

5<am'b|e 5.8.1

'i‘+ta‘= 2 —<

Locus o]e C is a cicle centered ot (0.0) with radius 2 .

Check: (1.1 is a -I>°1w(: [aivxj on the drcle.

y We wart +to jewd +the equation cf
“the '(:anjen'(: line 2

(ie. need o know the Slope of £

Nete. : ‘Z’-\-la’:e). s NoT -fvmc'ﬁon!
Question : How -to 'ftvd %;é— 2 (Psd:w:\(ha,, is & well de?iv\eé 2)

Pnswer : Yes . \'bug‘r\\ta sFeakm%

T - GO
O =

The small Seqamewnt T corstaini (1,1) can be vegarded as -the ar
3 N 3 gt
cf Some. j?\mcbon 6:@60. (n -fact, %a):,}z-x_‘ in_bhis case.. )

How + fiw:l 2 Do ®t as usual ?
'7(.>+3=='1

cl'rﬁerewha-l-e both sides  wirth v‘eslxct +to > .

2%+ ’23 %;% = O (A’Frlqatv\a chain vule )

-%p( when G = (L)

We denste . by S -
= ‘a dex.a):Cl,l)



Remark :
%,% s elefned at a Fo‘m't uf a cuvve OV\IZX \f a small ave COV\'(:OiV\iV:ﬂ the 'Foivrl: can be

r%ﬂardgcl as the ijl« uf Some -func(-:\on 8=j@0.

. %%: s NoT dzﬁmc! when (x.g)=(:k,5,o).

W2.0)

A

No metter how small the are is.
tt camct be vealized as 8\(th c‘f Some. -fwcbtov\ Lérﬁco.

g lmPlid-t di-ﬁerzwbia‘bion . AFP[% drﬁerew('}atiov\ “+o th.,ta):o.

e.%. x‘-(-«a‘-n —_ 1"-1-«6‘-1:0
Ne— ——

F(-x..n@
Exam[:le 5.82

et € be Hhe cure cl.ef‘med ba +he e%ua'bon ‘2-«-15’-0.1;3:5.
Show that PU.1) s aFoMt lainj on T.

Fine\-(:lf\ee%m:ﬁon of-&\e‘bmae.w‘:. line. chat"P.

Pst Gy = (i), LHS = (Y42 +201)(1) = 5 = RHS

S PO, lies on T

'xs-l-).g*lﬁ.a =8
24+ 63‘%$;+ ).((a-f 1%“;) =0

(3';4-}46) + (68;-»’):1) j—% =0

P=(1,1)

Q%_ . 3784-).96
ohe 63‘-\-1’:& "
é% - _i -2 -1 0 1 2 3
= &
@L.la)=(l.l)
-(:lr\ee%m‘ban of'the ‘tamﬁe,wt line cf C a P
4- S5
x- 1 &

S’L-(-&a-l3 = 0O



A‘Frlica'aovxs :

ExamFle 583

“.Dﬁemhauon oj? L.:jav'l'ﬂnmic. Function

Lt 3=[n-x_ , x>0 . Then ed. 3
chﬂ?eyewha-(-e both sides  with rgrect +o = .

S

Exercise 5.8.1

B'3 rzwd'bnj los,:x -

’
aQ

Example 5.8.4

Let y=labd , xo . Find J&

We aan rerte [ lax  ® =0
{ln(-x.) i x<o

For x>0, we have just shown that %&=§

For x<o , Y = ln (=)
ed - -2
ed gy,

>
2

w |
l[nx SL\M that j‘.z l03av'_ "=lha -

-

Note: H is w‘né X“sz'x =lnlxl+c .



ExamFle 585

3
i e +to ds 7 i chain vule and guotient. vule !
rfftc»\ Wfb‘& u\sv\g in_vule 2 rule

I C R Sl 20

o (;-Lnf' s
il = dx-0” [x-2a)
‘3 I%e- &4
t3
_ x- x-2
lnhal = ln Y

= -L|n|x-l| +-=slnl7.-:.| -£ln -4l

. 2
9 %3 3(1-0 stx-*n 3G-4)
% = _‘36'(1- xi':. - x.l_q,)
3 2
= =1t -2 i + 2 - 1 )
2 -l X1 X2 &
ExamF(e. 5.8.6
Let L Fd
8 G2+ 0 " %ﬁ%
- g's-x 3J1£‘+|
8 G Y
Iny = &%+ 4 baae) -4 b
Ex:
5% 3
- 2x b= e y S
ns._ ¢ % = [5 + 3(_11“4) 311.” (3-{,} ‘)4

Exaw\F(e. 58 %
bﬁwﬁaﬁon of Inverse _rviaonomefvic Functions
Let «a=sivC"x., Sir’f|:[-l,l]—>[-l,3-]._ﬂ'\en ,Sivnawr_ .

duﬁeyewha:(-e both sides witth \resFec‘: 4o = .

§£=Cc:s% S]“B=x " '%5851{‘
C:086=:E,Jl-sirﬁa

=dl-x* or  -dl-x*

(re\.)ec&ed =

( hﬁdg aplicrt. dﬁ?«mhahm)

%585%‘ = Cos %ao)



Let |a=c03"x, cos':[-1,11—[o. 7] . Then , cosy=x .

dﬁeyewha‘fe both sides with resrect +o .
-SIY\S ﬁ

El% - S:na Cosy = osysT
g:‘i- = —=l Sin :tJl - CoSh
= 3°
= dl=-x* or  -—dl-x*
ad;°°$-(x‘ ,__I,,_z (re\_)ecbecl L OSYST = Simaao)

Exercise. 5.8.1
Let 'a=‘tav;'x, tan ' R—(-L %),
Find %& i Ans dd—’-’tan"x = l-cl-z.‘

Exawale 588
Let 3='xx , x>0 . Find %ﬁ-
Note : The Power iIs NST a constart. we cannst wuse -the -fomula.r é{;’l =nx”

Y=

IV\ 3 = IV\ x‘-x‘nx
dlﬁevevfhdd‘e both sides wirth raFecE +o .

DR LR

= IV\7L+|

-ga— =(|V\7<.+l)la

=(lnx+ )%™

5.9 Reuisrt zsf Parametric Curves in B
Let I be an intevval and lebt VTR be.aFarnw\e:Eﬁc cuwne  Suda dhat

Y(-l-.\:(xc-&s.xattﬂ L where. %) and ta&t) are d‘r%’efzwt(alole -?«wcbov\s.

(-Y Y \re?rese.\&ts -the [ocus <s§ a w\wiv\3 Par(-:\cle ad + reFresen-Es time , then
WY = (e, uaet)) s the ve(ocr‘:‘a_ and lYebl-thctsf+[.aea] = -tdhe sFeed csf -the mwmﬂ Partide.

(&S} Bl.a dnain vule %:g—‘i——‘g‘% , OSsSume. <o) =

x_e:.) '




ExamF(e 5.9.1(
Let ‘((-b)=(=<£t-.).c3(-t>) (1) fu- + >0, be -the [ocus cf a mwinﬂ Pcrh'\cle.
a) Find the ve.lod-ha and s'Pezd of Hre mwmﬁ Parbcle

b) Flvxd%‘m'ﬁe\'vv\scf'tbammgﬁ -al =x&).
t

) \Write down an eiuaﬁev\ in_ % and \a'bo describe -the [ocus 5§ tre mwinﬂ 'Parb‘ncle.
Hence . '?v\d % and Sompare with dhe  vesukt n (b).

a ve(oc’rba sf e moving particle - Yoy = o0, yeo) = (3, 26)
UT —“he w\ovmﬂ Parﬁcle. 1Yol = o Ix'ees] +E\a<-e)] = AL«

b) 'ﬂw . (Nste : Smee €50, X =3 >0)
% TXw M 5"<-

) e have g'x=-t3 —_ .

E(iwsiv\ativ\g < L:ta_ cons‘uderir\% «F and Y L we ae:t-. o %,

1.3-.‘:(-,‘ —_ )

w

So !a:J;.;':‘X.

We have %=

Remark: x:€ . so iil't axd we con See resutts  In both doy ard ogree.

<%

wiv

Exercise. 5.9 1

Let a.b>o and let Y('b)=(zka,£a(+.)) = Cacos t, bsin<) —for +elo, 1,

be -Hre locus cf a movinﬂ 'Part‘\cle..
a) Find the Ve.\od-ha and s'[:azd ag- ‘e mowv\g 'Pav'bucle

by Flv\dgﬁ-m-ﬁarwscf b\avsw%g:’&g. .

xtt) '

) Write doww an Q%Aqﬁov\ in % and n.a'ba describe the locus cf e mwin3 Farblcle.

Ans : a) veloc'rha : (casint. beost) and sFeeé : da'sint + B cost
b .- boset

2 3
c) %’{'{--‘é;:l




86 Aﬂ:hca(:iovs of Differentiation

6.1 TRolle's Theorem and Mean Value Theorem
Theorem  6.1.1  (Rolle’s Theorem)

Let §:labl—R be a fmction such Hhat
D § 15 comtivuous on [al]

» F s dfferertidde on @.b>

D) - fo

+then theve exsts ¢ elab) Such that 5l(c)=o.

Geometvical meam'm% :

A A f©-0

fcao-jacb)- f@.f(b)_ Y B N

Theorem 6.1.2  (Mean Value Theorem)

Let 5=[a.,b]—>1R be a.f\mction such that
D) f‘(s covitivumous  on [a bl

l)f is &ﬁemwﬁaue on G@.bd

4then there exists ¢ e€lab) such +that f’(c)=j@b;ﬁﬂ_
Slo L slope L.

Geometvical meamina: e Vf F of

7 L




Question :

the hi\c)l«»oma. Should he be arvested ?

(s km)4

E R e

o[ 1 + o285 ¢t h)
slcPe.z%x o

6D AFF‘ica'Eions % Mean Value. Theorem

Theorem 6.2.1
lf §FRoR 5 a dffecestiable and feoso Vxek
then 0 15 a constant j?mc-(:sm.
’Fvbuf . Fix %eeR, let <eR\ fxd
lf AX>Xe , note f s &ﬁmue e/erg..-keve.

= F s contimmons eveaphere
p’ﬂ’l‘é MVT, 3 c€@ sSuch that

Foor -feo =j’% =) = o
o ba a\sso\wa-(-;oy\,

i.e. feorfcm Y x>xe

EXAIWF‘E. 62.1

Let ‘f(-z) = CoS™x + Sinx

f’e:o = =DepSASINMA + S CoS %= O
. Cos™x + Sinw IS a constant.

n 'Farﬁcular , f@): [, So ff(x) = Cos L+ SWAX = |

such hak SIoFe. of the 'b\nﬂevrb at +t-t, =
ie. nstantaneous SPeeA at t=t. = 120 km/hr

A vehicle is SFQed'mS on a hﬁhwma \f s s’reed 2> 120 km/lr  (at Some moment )
|f the [651-}\ af +the l'\zjhwaca i 20 km and lf a_ driver onha srev\-(: 15 winustes on

BB the MVT, there edsts . e(o,025)

30
oat =120

Cm ‘Part'tcmlar, on (Xe.x) )

Cin ‘Par(:iczn!ar, on G=x1)

We have swmilar vesute “je x<xe , the vesutt follous.



Theorem &£.2.2
8 f,ﬁ-.k—ﬂt are. d?ﬁerey\'t?a\:le Fanctions such Hhat Feo= g0 for all xR,
then feo=3(x>+c . where C i3 a constant.
Pmu)"= Let heo =f<=o-3bo.
Then heo - f’eo- ﬂ(—;o =0
S hed = C |, where C s a constart. e feo=3eo+c.

Next, we ove jotvﬁ 4o chiscuss  how dlﬁzvewha‘hon bel“:s o

flnd madimiam / minimam f|>o‘|wts 65 a fzmcbt‘ovx .
FIYSHS , we. moke Some -FreFaru‘tiov\S :

63 lnc‘_rea.s’mﬂ /4 ])emeasznj Functions

Definttion £.3.1

Let T be an interval and let §: T—R be a function such that

SR AN E CIEE AP -forall * <A

thon $oo is called an increasing (a deareasing) Hunction |
lncx'eas'mj

4, - \
ovﬁl«ln §I2aal=m3 :
The [arjex we MPat

Fodl oo
g / the la\rjev Y-we Set ?

1 . . . . . .
6 we have a sbric(:lé w\e%mlrba s cdled a Sbﬁcﬁa increasing Cdeereas-v\j) fww_'(:-ov\.



“Theorem 6.2.1

Let f=(a.b)—ﬂk be a &W fav\ction

@20 (feos0) for all xela.b) then IS Wncreasi (decreasing ) on (a.b) .++
"3 "3

4 3= feo
Slo‘F.e. = f(—:c) 2o = ‘V\C.YEDS\MS

|

i
a 1 b
1t lf we. have strict ine%mh'ba,'ﬂ'\e_n fco 1S S'b'icl:ha_ increas‘mg (decreasinﬁ) on Ca.b) .
Pt
lf a<x, <x<b,

oHJ-a_ 4the MVT +o f on Bt,x],

3 celx .2 Such that fcm -:f’m) = i'(c) Gta-%) 3 O
\'/} v
(o) O

'Ba assumpstion

A swmall madt-facation leads -the. -gouo.ein%:
Theorem 6.3.2
Let §:labl=R be a fuction such that
D £ 15 contiuous on [a.b]
D f s dfferestidde on @.b) ard fedz0 (feosod for all xe.b

Then f is Iwcneqslvxs (decrms'mﬂ) on [albl.

P

lf asx <%, sb,
[w Hhe MVT +o on B,%],
PP

3 celx. ) Such that j’cm -f(v..) = jf'co (Gta-%) 3 O

VI v
(o)

o
‘Ba aSSMm‘Fﬁon




6.4 Frst Derivative Check

Theorem 6.4.1 (Fist Derivative Check)

Llet T be an open inberval and let aeT.

Let £:I>R be a function such that

0 j s continuous

2 feozo (feoso) For all xeT with x<a

3 feoso (feo 20) for all xeT with x>a
Then (&, @) is a relative maximum Cminimam) .

Note : We do NoT reiwre the dﬁa-mﬁaloili'ﬁa of f at x=a. but Ov‘\la Hre Covd:iv\u’rba c:sff at xsa.

Geometvical meavﬁr% :

—( a,f(a.)) s a_relative maximum
(]
|
|
]
]
i
|
|
|

B S e
I a

Remember the s|0ﬁa.n= Cl'\amje of 857\ cf f’(x) at x=a

Deflv\'rb’:on 6.4.1

If f'(a.) o, then (a,f(a)) is Said to be a ccrtical Poiwt or sbzhom% 'PoM‘:.

Theorem 6.4.2

Let $i@ab >R be a function and ce@b) such -t
D Fo edsts
2) F attains maximum (or minimum) at x=c.

Then, we have Fw=o0.

Exrlav\aréion: If f(vo is dﬁerevchable. e.verawhere .
then all maximum and  minimum 'Fo‘-v&s are Sta(‘.ionc\na_ Fom.

However, a s‘Ea(:ionana ‘Fom-(-. s NJST necessary 1o be a maximum and  minimum 'Fe'mhl



Examrle 6.4

B ooz, then Feo =3
Note : 1) f&oho

2) f’(—:os'sx.‘so fm‘ <X #o

ie. No cl«awBQ tﬂo s’avx. of —f'(-x) at x=o.

%4} Y=o
NO’[‘E o Qa S‘(Ta.'ﬁ'lovw\lﬂa ‘Foivtt. 18 NST
Y\zcessa\na_ +to be a max./min. 'Foilﬂ.‘tg

>
(o,0)
ne. /'
this ‘Fo'm't s called
a saddle ’Fome
ExamFle. 6.4.2
f(-:o = -5x + §ox - 120 4

lt 2
T - ) = -5% + o= - 120
Nete f&) Is a ‘Folav‘\owﬁa.( which e f(

s cl:«ﬁ‘erewbable everawkere. inc /'

Y dec

f%o>o f'(ao<o
-lox + 8o >0 -lox + o < ©
+« <& “« > &

fcao is S‘*vld'l:) ‘mcreas‘mg when <& ond
fc—o is S‘lhd'l:} dec(eps‘mﬂ when % > & .

f(x) atkaing  macmum  when %=8 and  makimunm value = f(S) =200

Remark : VQY\'fla the answer l:xa u\s‘m3 c:mrle{:inﬂ square..




Exa.mrle, 6.43

= Jf'(o) does NST exdst

Honbeler [IM fw llm < =0

x>

lima f(z)-llm Jx =0

DO A>O

j(0)=0
lm fw- [um fw \-f(o)=o

ASS

and  so 5 is continunous at x=o

'53_ “the :flrsb devivative check. , f(x) afaing minimuwm at x=0

Let oA
i) %'p fwzﬁ
Rewvite. - oA rf x>0
f(vo = (@) rf XA =0
= rf <O >'x_
96 *>0, -f@oa.f; , “then =f'(x)=—'— >0
ﬁ %<0, jqeo =d=< , “then f(vc)-— S=—<©
" -f(vo is S'hnctlca 'umveas‘mg when x>0
-j’-(vc) is s‘\'ﬁc:tl«?f decveas‘mg when. x<o
However, J’l::g M Aljlr.v:\“;._ Jz_:_ = J;v:o_,_ El which does NOT exist ,
= fivn M does NST exst
AX->0



ExawrFle 6.4.4

Prove that €2 4% Gie €-z-120) For all xeR.
Let j’iao - x|

(Wart to find the  global mintmum 32 feo and see F T s >0)

f’co = e

Feo>o -rfpo and  Fe <o -rfx«:

5 = s-tn‘c(:lg increasing when x>0 and S'hric(:lg decre.asinj when x<o

(and f s continueus at x:0.)

-f attains minimum when =0 (By Ist dervative check ) RN
Cin fact ._global minimun . by 2> Y- el
-feo 2§V xek |

=e°'-0—( _/

=0

==

5<aml>|e. 6.4.5

(f f(x) 2 -3 -G 5
+then f’(xh%f-é,x-‘{ = 3203 = (-3t D)
7

ji(.,o>° IJe A>3 or <-|

j"'cvo<o f “lex<3

Neo 8_|o'oa.| max [/ min _in _Hais case

ExamFle. 6.4.5

%(obal max
(f ‘f(x) = '7(.3-31."-‘?1+S for -2s%xsb max — v

/ 6.3 ,a gf(,g

2)=3 , fw=-59
-f(:. f (-1,10)

Check -the emclPoiv"ES .0 ('1'3)\

min — (R ,-22)
L %_‘o\oal wmin




6.5 Second Derivative Check

et T be an open interval .

oo >0 for xel = $oo s S'bdcﬂg increasing.
Qeometrical mea.r\'w:j :

la = -f(x)

X, Xy £53

Slo\m cf the ‘Emﬁewk line at (x,-f(-o) increases  as . increases !
(NoT -fw s lncre.as‘ma ?)

Theorem 6.5.1
Ltk T be an open interval .

f f@o>o (f’éxko) fora(l el , then :f(-,a S Concave. wp (down) on T

Theorem 6.5.2. (Second Derivative Check )

Let T be an open inberval and let aeT.

B fI-R be a function such that

D fa@-o (e @a.f@) s a S‘ta’ﬁonava r|>°‘m-t.)

2) f'ia)<o (j’"(abo) and -f"cao is cowbinunous at x=a (ie. f is concave douwn (up) near x=a )

“then (a,:fw) i a relative maximam  (minimuam) .

Rewmark - Pscﬁ»alla,'l:l'\e. as»quﬁov\ j”c:o is continuoue at x-a can be dV'UFPd.

Caution. : lf @=0, then NO conclusion !
Consider -fcao AT o

We have féo)-—*f'éo)a © in each case , bt (0,0) 1s
- min.. for the Ist cose.

. Saddle powt -for the 2nd cose.

. mMax. for the 23vd case .




ExamF.laéSI

l'e L) = #B-23C -9< +5
J J '

then fm 23X -bx -G = 32 =3) = (-3 (=+l)

fl(-x)>o 'l:}? 2L > or He<-=~|

feoco # -lex<
J J
:'fzx)- éi-é
"
,(ﬁﬂ > o “re =~ > ‘:F”(-() = (D <O
J J

P
'(-L) <o ’l‘J@ x < | ‘f'/(33 =220

=fe0

max. , W
/ aJ
1,10




Theorem 6.5.1

Llet T be an open interval ard let aeT.
Let §:I>R be a function such that

0 j is_continuous

2 foso (<o) for all xeI with x<a
3 feoco (Fe>0) Sor dl xel with x>a
then (a.f@) s sad o be a powt of wnflection.

Remember the. sloso.n : Chamje of an cf j?an at x=a

Examr‘e_ &6.5>

feo = 2® - 105" +3Ll-o-x§ — 510 + 3box - 120
Find the ange o:f =% such Haat
(€)) 'f’(x) >0 'f’(x) <o
e LA
@) &) >0 'f(x) <o
S‘t‘e‘F\ : Bind 'f/bo and 'jeac‘torize H

'f I(ﬁO

Lox*- 420 + 1020 - 1020 + 360

60 G&-Fof + F = 1Fw +6)
= bo (x- ();('x-).) (-2 CUS‘W\S ‘fnctor “heorem )

{ 2 3

S‘t‘eF 2
jives rkenvals el , lex<d , d<x<d , %>

Reason : those fa.d:ors may c\'\av\se_ s”ﬂn at the 'oowrda% Pu‘w&s cf intervals.

S—teF 2 << = l<x<2 x=2 Q<cx<D x=3 x>
(-1 + o + + + + .
=-2) - - - o + +
-3 - - - - - o +

je'eo + o + ° = o +
'ftx) nc Sqf\e. Wne. Max . dec . Min ne.

'P .
Saddle. 'Fo]vr(: = (1,23) mox = (3 ,-16) min = (2,-39)




Slm’ularla s

f"(-x.)

"
)

'm-ox? - 1260 +2040% - (020
bo &x-1)@Ax - 132+ 1F)
Mo (=1) [~ LB?E-)] [1- LB?E-)]

- o + o - o+
( "=ia "G
S 8
~ .61 R M

Fom& of mj?lectiom [ (B-if—ﬁ-,f(ﬁg—ﬁ-))

= (L6L,-19.1) or (2.64.-293)

y = f(z) = 122° — 1052" + 3402® — 5102° + 360z — 120

(2.00, -16.0)

(1.00, -23.0) (1.61,-19.1)

(2.64, -29.7)

(3.00, -39.0)




Loy s —% x #-1
v X+
-F’ D) =
J =+
-1 (
t }
() - NoT ~+ (@) —
deﬁwed
\V4
=0 dec NoT inc max dec
deﬁwa:!
max = (| '_l!;)
L%y 2x-2) -1 2
J G I {
f"(—x) - NST - +
deﬁmed
1]
N
%0 ) ) \J




6.6 ASSW\FEUE&&
beflvﬂ'(:ion 6.6.1
0 tf ’l&nd'_:f(x) or J&V\A_f(ﬂ =400 OF -X ,

‘Hren %x=a s sad to be a vertical asawirﬁb'ﬁe
2) lf kg\+af(1)=L or ’l&n_“f(x)=l_ . where L eR ,

then 16=L is sad +to be a hovizonkal asamf'bo'&e
Note : H mag L\al:rzvx that both ’l&v\_ma f(x) and ’lé_v;\_a f(ao edst

bt ‘H«esa are. NST +he Same. .

2) lf (6=wnc+c s a s*l'm:jkt Such  that —li-ﬂn -fcvo-(mx+c)=o or ign_“ -f(x)-(vmr.+c)=o .

then the s-('m:jkl: line is said 4o be an o'oh?ue o.saml:bs(:e of fex.)
n\é

Y=Feo /] Fe0 - (rmx+)

7 -
the distance +tends 4o ©

Examrle. 6£.6.1 OS A —> +o0
- X +3x-F
Let oo = . XER
f“" Lobx-a Sjm 3. Sfm
(-3)* ! '
j’(x) + o - NoT ) +
deflv\a:l
{J -
f(ao inc. max. dec. NoT dec. min. inc.

max = (s-m,fcs-m) = (3-d01,9-21n) min = <s+m,fca+m) = (34411, G+200)

4 22 3
)z ————
f % (x-3)® |

f&) - NST +

Y

e /\ U

No Fo‘-wb tf in-flecb‘«ovx




VeX'GCD\[ QSawa(:Gee :

a
i N T - e
S Foo + i, ELZE 2o and

. vertical asawcr'(:d(:e P =3,

oUi%ue asamtstcsba. :

Note : Bon o Xt3x-F

x-3

By long dusion, ot Py

-3
6%

L +3%-F = (-2 x+b) + 11 ox- :8;

2
X+ 11
=St - x+6 + =

oui%o\e. asamFtste.

oui%ue asawrls‘w(:e, : 13 = x+b

me b JE

A>+c0 *

C = Iim f(z)-mx.
A>+oo

|V\ 3@\@'&[ .

(similar fov- v\egd:(:‘nve. 'mf‘nﬂ:,a )

x-ivr('erce?'b= S[olve feo =0
Xedx-F

*x-3 ©

L4+3x-F =0

X = '32']5—:"

Y- ivr('erce:Ft : f(o) = 35—

i‘i“g

2
f(-,,) o lim, Z3%=F _ oo
AS

Sdkoo LD

E>c‘>|avwr€ic>v\= fim f(x)- (x+6) = [im Ll
A~Hx00 xX:

lf angone of Hrem does NOT exist, tt means there i1s no olilre osathsEe ,
'{Y both limt exist, ca=mx+c s an oHr%ue a.samls(:c-te, at Fos?&lve_ ‘mfiv\rba.

= O

Remark - US'MS_ long division to flhd obli%ue. aSam‘FtdEe onlg works for the case that
:feo 1 a rational fav\chon , 1e. %wsbm(: f ‘o -Fo(a_nevnials.



29
&(:z];_h_dm.\_a.samislﬂ-a : ,//
7
_SieF_l_”FJd_dmm_'z_-mma*c L/
! 4
7
aud_‘aﬂute_v:c.ert /o x=R
] ) |
s |
/ , /—:\
3
Step 2 (=33 o) 7 L (o.3)
N T Y Vo
Jm,gm_lm,LL;-’f . - e _
X3 33 X / EN >X
i, 0 = o, 32 g+l )
XS -143 x- v

LA

| L0
4= I
\&’;/(zﬁm , 442

I
[}
I
L/
W/
4
s :703
1 |
(S-Jﬁ,q-‘:dl_l)}/ I
Al
(ﬁ,oy DD
]
7 >
/ |
et (2R




Cunve SEe‘(:c‘mva :

G(oa( - Given a —jewxcbovx ,:)Ew . sketan the 8\"&?\/\ c‘f aejeﬁo .
CCaf‘hAﬁvxg main fid‘(‘.w&.%)

* X - MEE.VCE]:":, sohre. jq(vo =0

. %_]y\-eercer-t Y- ‘M—Ee_rczr’t =—f(o>

. iv\creos'ma/ decreasin3 Salve -g’(x»o V4 -‘f’(—o <o
Saddle Fo‘uvvt/ max. / min. daavxje ojz Siow o‘f 'f'bo 2
concave wp / dovon Saohe. ‘f Sso [ fﬂbo<o

‘Fo‘ner cf ivrﬁe.c(:)ovx d/\aw??_ c‘jz Sian of 'S’(:o 2
vextical asawlsbs(t ama A=a it iga:;gbo =+ or 1183;\“_—?@0 =+o

hovizovtal osamrtafe lon% division /  m =7[-1_,:\+m _it)
o\oh?ue, asawfr(:m':e C = ii;v;m -f(ao—mx

6.3 Rate cf C['\an%e.

'Recqll:%%ts-b\z\erubecfdw%e_cftaw%msrect’tox.

EmmFle 6 F.1

A we‘:%kh s l'r?&al bé a Yope wlich passes 'ﬁmrbv.%\/\ a Pu“e.-a. The other ed tsf
e ope s ‘F\A“eﬂ bla_a.'ﬁrudr_ Hrat moves ab D wms™ . ('f tre 'F‘Ale-a 12 20w above

the grownd.. lhow -fas(: s the we"%kﬁ, ising when -the vope makes an an%(e. T
witdh -the %V'bwr\d 2

Ly
v.am

Iom




Given : %'—l
Question : When 6:F , §h .2

Relations cf variadles : s 301 = (6" — <)
*tan 8 = 20 — )

d dh
#rw —w

Brow ), when S=:g~ s X‘EOV\:E“= 20 > x=3201
From 0, (20/E)+ 30 - ;a’ = Y= 60
'Dlﬁermbirxhe G wrba ms‘:oect s +t 1x%=2|.3§_%

2(305)A) - 2o JR

el
EmmPle 632
<
Ikcw\
«—t 4
% em

A _cyfinderical black -fau vectically -ﬁr\msﬁv% o rectangular blocks apart wirth equal
hovizortal velocibies . When -the censter C cf -dhe Qxahvde\r' 13 30 cm dbove the level
a§ the blocks 'Hwaa are 30 om apark and are moving at 1oem st . Find the velocrhy
of the center cf “tre c«aliwc\ev—.

Question : When x:20, h:20, %_IE'-).((oh}.o, g_‘%= ?
Relations of vaviddes : &Y+ 2 R where R is the rodius cf “re cualiv\elex-.

'Dﬁerev\ﬁartz wirtda respect +o +t —é_—x% -\-:J/\‘fa_l’—é:o
When x:z20, lr\=1o,§_%=:.o : —‘l—(sem.onumu%"ém

dh
513

- 15
==



83 Indeterminate Form and L L\S‘F’rﬁal Rue
3.0 Indeterminate. Form -2

(5]

Consider _ii_v)n‘l -% and Suppose _!&na fcz) and -’l{i_vyv\a j('z) exist .

l.
Case | : lf lim gc—:oqso , then lim ﬁ=3lm
K> x->a .jln':’“a 3(_1)

Cage 2.: 'j?.,lfl’,“aﬂ"‘"’o and _Li;v\afw +0 , then lim-—l""lﬁ does NOT exist . (eﬁ l.m

ey 3@0

x->a 3(*)
2
eg ",('geT gkmcx -
2
S
_k'_;\e—x..g = IIM J- does V\db exlst

We call it indeterminate. -forwx 2.

Theorem F.1.1 (L |/\6F'r(:al's Rule)
Su‘F‘Fose “that -;lf-'»“a fc—n = _’l‘i!’na gea =0, T s an open wrberval cprvbaivﬁnj a.,
-favd are diﬁevew(:ia\:le on In{a}, and 3’(70#0 on I\{a} .
lf lum exists ., -then
A>d>a ﬁeo ,
linn —iﬂ = lim i"_il

A>a 3(70 ASA 3(7.)

BmmFle F.1.1
Sinx o _
_ikno = 2) oK)
= lim CoSX  _ xx) [ogic : [imt kx) exsts = [imt 0 exists
x>0 { 3
¥
= |
ExamFle F. 1.2
N |- cosx o
l‘_‘:".: = ¢3)
lim, Sin 2)
A->0
lim cosx
b & 1Y

=
2

Case 3 : liw\ @ = |im 0 =0 , then we do NST know whether [im e %) edst 2
%9

\

)



E(AMF(Q F.1.3

i S=1 o S50 (2
by & 1= = =50 ;.1 (=]
x
= liM 'e— = |iW\ 'e'—
-0 | +->0 X

= | = |

(See Hheorem .60 and etamPle 3.6.2)

3.2 Indeterminate Form

o + 00:O, 00-00

L |n8|>‘rta| ‘s Rule can also be aFFhed o 2
L’ 'r\elb'rtal ‘s Rule can also be aFFIied +o le.‘fb hand limit  or risk'l: hard  limrt

|im+i’_'=l = Iim+—i,'c'—"-)— , linn Feo liM_—i,lc'—’g—
AS>A 3@0 ASQ 360 Ada” 3(-;0 ASQ 367;)

L |r\6]>'rta.l ‘s Rule can also be aﬂahe.el t  lims otk iwﬁn’r&ies
lim T . i T , i T . i Feo

AD+on 3(70 X>+00 3’(7.) X~>-00 3(1_) 2> -00 3'(70

Examl:le F.2.1

l- Sec % o0
im_ —==%_ (&)
7(":%- ++tan x i

lin —Secxton=x

= lim_ Sin %
x—»'%’-
=
ExamFle F 22
lin o= (£2)
A=>+0 2R =
.
= lim —"IL
K->+ »E
= lim ’é
A=+




ndeterminate. Form  oa.0

[dea : Covwerb‘na to 2 or &
BmmFle 3.2.3
[im 1siv\-'; (00-0)
A 40
l CorNEV'b
s_ | tO
N —
= lim lx )
A~ +o0 P
I ]
= lim B el 3
L5400  -—L
= (im Cos%
K> +oo
= |
BHemative methed :
[im 131!/\% (00-0)
A= 4+
sin h
= fim S Q) Let h=Lt |
As x>+0 , h>o'
= |
ExamFle F.2.4
[im & lax (00-0)
<ot
,], corvert
+to
+ . S
2> =
L
= |im+ -
L0 -éié
= | _
xino"' 2
= O

Remark - (.)lma dont we 'Er(é Ji_v’no

. = lnx = ilne_

=
|

Sy

[

<) »



Indeterminate. Form o0 -0

dea : Covwertiv\S 4o 2 or &
ExamFle 3.2.5
lim (——--4) (0 -00)
A0 Sinx x V-t
= IIM w ( )COV-ZQ
~+->o XSinx °
Ex:
= 0

3.3 Indeterminate  Form loo, o’ , oo

ndeterminate. Form | * ° °

, 0, oo
[dea : Takinj n_, Qonverﬁnﬂ to 2 or
ExamFle 3.3.1
Find i, L s
x> 0* T
et ta == '
llm ln Y - -3
1—)[ 1_). - o
[ Cl = lim (7%)
nClimea) = oo

= -1
e
ln (J_l_h)nr._x l-’:)=-I

li e
oo lim 0 =e
x>

BamF‘e F.3.0
<
Bind liM <= (OOO )
X->+0c0 N
Let Y= i
[
A g el =
. &)
[n (J]_v)/\m%) = JL"lm—T‘
lv\ ( |im <= ) =0
%> +00

(=]
liM 7_1 =e
A+

88



g8 lndefnr&e. ‘vvﬁe'ﬂra('jon

&1 Antiderivatives
:Defnl'l:bn &1.1

A fw-dﬁon Feo is said to be an  anttidevivative cf feu rf F-éos-feo.

The process of -E'mdiv% antiderivatives is called lndeﬁmr&e. \v\‘te%n:hov\

Exaw\rle_ 8.1.1

lf feo=2x , Feo =,

then we have Féo =je(-x) . so Feo is an antiderivative of fc—n.
However . consider F&0 =5+ C , wheve C 18 a constant .

Then , we still have F&o =—j’eo )

_ﬂ/\erefore, anttidevivative of a j?umc(:iov\ j’eo is NoT un‘ulue_.

That s uohua we call “on” artidevivative nstead of “the” antiderivative .

Natival C{Mes-biovx : l-f Fay and Qo are antidevivatives cf feo ,
what s the velation between -them
Answer : Feo and Geo Hffer by a constant.
‘th)of + Suppese Feo - G = Feo
Let Heo = Feo - Geo
Then Heo = Feo - Geo =0
Heo is a constant func-e.on . ie Heo=C for some constant C.
ie. Foo=Geo+C
(’Refer 4o “theorem 6.2.2)

T'f\ere:fore . antidevivative of a fw\cb‘on féx) s NoT u.vﬂ%u\e .
bat tt is Mni%ue. M‘F —+to a constant.




Exa.uxr_lg 81.2

B Ly« . Foo =
J J

ihzn_bLbaMLEm_fm__sn_Em_z_Iun_adﬁmzhu

¢ = = 1 g\ 1 ﬂg *(1\ =x
J VY
i i <+C

_and_aﬂ_ambdeﬁm_ﬁm_m&uf;-ﬂm%xm

<

|

U
(Y]

’
Feo = C—lf‘l(-y) =2

/

/I/ ~ Sawme. glmrw

Y/

/

/

/
VA
“Cranslation
/

/=

.S

'£W A X
Jo

4|§_E(z)_]LAn_ad'demﬂm_cﬁtz)_,_ug wvite

intea
dmr\d

[

ff(xs e = Fen+ C

Exa.uarle 8.1.2

Vr 2% dx = +C




&2 Rules cf lvdejinrke. lv\‘(:eara:ﬁioa
Theorem &.2.1
D Skdx = kx+c, fura constant k.

2) Si\dx.- ! Xﬂ+I+C,be' all_ n#-1.

N1

3) fddye = Inki+C

4) f&de < 1

5) [cosadn = sinz+ C
6) J’Sinxdx =-Cosx + C
D s de - tadxa C
Pross

Devivative c'j RHS = |n‘l:23rwd on LHS

Theovem 822

) jkfeodu kS feacke

2) ,ffeotﬂeodx= $feock « Sa(vodx_

P

D Slefeoda) = g (k ffaad) = kfeo

2) g‘;(fje&)tﬁwdx) = é“;(.f-feodz :I:J.S&)dx) - feotjm

Examl:(e 821

[ 228 3 eFx e s (o means [ ok

e

=1fxs&z-3fx‘dx+?fxdx+Sde R J still theve |,
No need 4o add +cC

2 (E) -2 (F) +3(D)+5x 4 C
_X_G

2

-+ I _sxac

=3

Exawcrle 82>
J25de
- f e S ox

3
% - Slnlxl + C

0

-3



Bwtmrle 823

Féo = 2x
Feo= [

=+ C

Fo=0+C=3 = C=3
R M S
Feo=x+3 19

the am'Fla passes
'H’\voujk (©.°).

> X

Find a -fw\cbiov\ Feo such that Fo)=2 and Feo=2x .

'3

Fé‘t.) =2

&3 lvr(:%vu'b‘«ov\ \:a Substrtution
Quuestion : J'('Zx+l)‘° dx =2

Hard -to M‘tejw:tte B'a ©<'>and'w\j the ‘Fo(anow\ia.l .
Soluction + lntegaation by Substrution

Theorem &£.3.1

If(u(x)) uwedx = J.-f(mdu. OR : f—fw %d" = j'-f(o\\du
prsf

f{ j f(utx)) uWedd= = -f(u(x)) U0

éif_ J‘.f(“\d‘* = % J.'f(“\du : % (Chain Rule)

= ‘f(u(x)) : gﬁ

£ fumeo) woode = g j'-)‘f(mdu

v § fe weode = [fuodu




Exa.mrle— 8321
[ xan” dx =2
Let wueo =D+t

'f(u) =u® ‘f(u(x)) = (x+ l)(o

[ (xee)® ax

But , u.sua“% we wvite ,

J (x+1 )m dx

L[ @er00® 2 de v [ W da

) {

Weo -fm)

L - '
S W+ C = n(‘).x+l) +C

Let w=4C+3
e . &

'z.dxrédu



Examrle. £2.4

j’ﬂnx_xidx , x>0
_rg';—"idx Let  w=lnx
=fue da &
-Lidsc S = du
s Lney+C
Question : How 4o make a quess ueo 2
lvr(:eﬂ'm:bion L»a Su‘os(:?'b.:hov\ | f(u(x)) weddc = f—f(mdu
Example. ; I-(J%de = [(dn= Lk et wu=lb=

Realize the ivrteﬂmv\d as a *Fmelw:(: of Tar(:s and  make a jmess o-f U
Such Hrat one Far-(: can be vealized as a jeumcbion :f(uo . ancther 'Favt S CS)

Exercise &8.3.1
0 Show that J'a,l_,_bd’i = 5 ln lax+bl+C Hiat : Let u=ax+tb
2) Evaluate

a) \Yfe"*dx Hint : Let u=x* Ans : 7'*—2"‘4+C

by [ ox Fm o Hint : Let ua==+3 Ans u(xua)%af c

lv\'(:asn:&ion cf 5<]>on‘ban'w.| Functions :

Recall : Sek" e =-"<—ekx'+C
[n jeneral : J\a."dx =7 -for as>o

< na* Una)=<
Recall i = e =e

j\a"dx = J’ edna)x dx

R e((n a)x .c
na

al
*Tna * €

OR : Recall +hat ad{ a= alna

X

so Hi?'l%’o‘ , and J‘adxem-fc



|ﬂ€e€f-u":‘uon tf ijaﬁﬁ-mic Functions :
j‘ lhxdx =2 -fmr *>0

Exercise. : ad.z xhnx -x

Ans: b 2

_n'\evefore. , Ilnxdx = xlhx-x+C

PRroblem : How do we  know ad{ zhhx -% = [nx  jn advance ?
(Make a Guess crf antidevivative cf In direc‘tlg)

Ama divect wag. +o j-"lnd an_avitidevivative of nx ?2 (Yes, later )

Exawrr[e. &35 (Constant issue )
j‘('x+l)z dx let w=x+1 I(xﬂf dx
= [ du dux e = [Carmsidx
= -sl.-uz’-c-C =—'313+7.’+1+C
= J3-C'>L+03+C,
seems “to
= —'31§+x‘+1+§'+c be diﬁerewt /4

Pns : This C s NOT +hat C 2




lvr(:e%mﬁon c\f Rational Functions -
Reational Functions @ a %ucs{:ieyvt cf two 'Folanow\ials

Reational Function —s (R(ao= i( 70 = 'Folénomna(s

S‘lmFlesE case. : clej o=l le. %-n=ax+b where a#0.

Recall: A=b-4ac
We. fﬂﬂ\e\r consider 3 sulbcoses :

(W A>0 (i) A=0o (Gi) A<O

(x)
[ S
(IS
Ba lovﬁ hivision , ']D(x‘) = (ax+ b u0+R ax+b )'F(x)
PO R =
ox+b weo +a—x+b R
Then “rax+b T ‘(uw +a +b
We know low o iw(:Eije ?
Exmr‘e. 26 s
j’ Ldx+5 o Wk JR+3x+5
'x+| T+ X
= | x+2+ = 2x+5
J‘ -X-H pr &>y
=3§+lx+?>|nl'x+l|+c 3
LW t3na 5 = ek D) +3
Exercise : Evaluate Iéﬂ_ Sxt L e M- x 3
Ans : ’f-% +—q- [n I?nc-'ll +C
Next case. dej geo=2 e %co=ai‘+bx+c where a#o0.
rX+S
|§‘ AQS'F(XD>1 bla_ IOVS d(VlSlDV\ ‘Yax-l-bx-fc d'x =5Mm+mdﬁc
[ weo
‘Po(aﬂomia( o +bxc) 'F(x)
Just focu\s S' xS ;
ax+bx+c ——



(i) A>a %70 = aCtbxtc = (mx4ndlmex+ny)

rxX+S ko 4 A . B
EXF oSS aPabxic N R AT, Xt T

Then j&dx

axX+bx+c J‘ M M1'7c+ vy dx

We know lhow o 'MtESV'd'EQ?

Exawrrle_ 8.3

j' Sx-i
X-3x-3

) 5x-F - 5x-3
Note : To3%~3 -G+ )

5x-% = b B
S“F]”se DGR D KA

=2  5x-F = AG+D +B(x-3)
= A=> ,B-3 .

53 42,2 )
X-2x-3 s = X3 e = 2lnlx-zl+2nlxstl £ C

ko
Exercise : Evaluate | 3o &

Ans - Ls.( b | - [ l200-x|) +C = Tls' ln Joo-x

G) A=0, %(70 = axC+bx+c = (mx+n)

ExFrzss L"'Slwto-ﬂmefbvm B

ax"+ b’x*’c (m.x_‘_ n) woL+n .

Then j&d—x= A . B

ax+bx+C mx+n) mx+n

We know low o 'M(:ejmtef

Examrle. 832.8

2%-1_ oy
(-2

S 2x-1 __ A | B
oSe ("X. _1)1 (1_1)1 -2

= 2%-1 = A+B(x-2)

= A= B=>
2%- | 3

2 _ =3
= dx = — + =2 e = ——e [x-2|+C
Exercise : Evaluate j _LB‘JQT&"

Ans : 1;4 +IV\,2-:L-||+C



(i)  A<o %(70 = al+bx+c  cannct be factor‘uzed as a 'FYleu\C{'. of ‘o linear facbors

[tz &

i adn

et x-=aum

dx=a.du

=L !
= QJ Wt
=L tai'u+C

=%'Enn'l% +C

Examr(e. 8329

[ =
=\§ “:.l+2: du let w=wc+1
du=dx

st tan' & 4 C

=4 o X+
-1-bm T+C

Exa.mr(e. g32.10
—AxsF 4
L+2x+6

G o

L2+ 5

2]7&1# dx + 3

+2x+5

Sis

2 In (4 2%+85) +3(L 4o Xt1) 4 C
X X

=2 |V\(x"+2x+5) +§+,m"m+c
x X

Gevnernl case : clej %x) >

Note :

Cor leb xt+1=2t , what haFFeys?)

dPe2x+5) = Qx+2)dx

and  4x+F = 20Qx42) +3

Partial $raction : resche —'i%) inbo a sum ef simFlex- fmd:iov\s.

Then , it reduces *o the abeve cases .



lvrba%m(:ion cf Trisonomebdc Functions :
. \("tanxclx and fcd: x cx

I'l:anxclx
s\rgio“T:de let W= CosSx
=j'_(lfd“ g_’%=-8ihx
s =lnlul+C -dussinx dx

c-lnlecos =] +C

= |n |Sec'x_|+C

j‘Co’txclx

cos X .
- Sinxdx let w=sin=x

Ex: !

= |n|sim<.| +C

: \rsecx dx and JI csexck , + —-‘forw\u\(a

-(:,--fomu(o.=
Lt t=tan X
dea : We can express all 'h'ijonome‘b/lc_ -fw\ctrovxs in_terms cf + .
= 2
Note Wz=m— -2t and so cotx =Lt
l--Ea.n"%_— -€ xt
D e _l+
. Smx-%‘__—;— wd so csex =2 B%’Paabl« Hwm.
cos % =-:;J_h;- Sec x = —LtE %

-€ a
I++.: \'Ib

—n\erefom ,all 'h'isonovv\e‘b'ic -fund:lov\s in_~teyrms o‘f +. -

% s sed X = L(14t)
e = 2 _dt

ldea. If(sinx. cosx) o

2

) j.'f(%i? ) (31-.:

%onai ‘fw\ct‘lons cf +

Transfom‘wg an '(vd:ejral af 'bfiﬂonome:bﬁc fn\cbon to an ivd:ejral af vational fmc&ian .




= [y\!'(zm-!:! + C

‘(, Sec x dar_

Y P E - ST

Ji=¢ =€

fa

B
I (PP BT

JT+€  -%
el hi+tl - bn -+ + C

| -c

2+ 1€| ¢
|

wh l_.t.
= b |tanx+secx | +C

anu:r[e. 82.11

[

J (+cos=x
( | 2

e
J (+ (-i" +£
[

e

='€+C

=iml= +C




Exercise 832
Show Hazt
a) Jsian e = ——.‘F cospx +C
b) JCDSP‘JL dx = J.FSIV\F':: +C
. js‘m’Fx cos g% dx jsin'Fx sivxczx dx jc<>s’|>x Cos g dx

Recall : siV\'Fx cos cix = %Esiv\ (F+cl)x+ siv\(]>-1>x]

Cos Px Cos g = —itas('Fw[)x + C‘DS(‘F-?)X]

Sivx'lax sin g = '_itms(]’“l)x -Cos (F'?)XJ

We know how Mﬁesrod:e RHS !

Exa.wrr[e. 83212
j Sin 5% cos3x o
=%Jﬂ Sin 8% + sin 2% dx

Py
=—._'1(—%5?1—95_L) +C
=_.Cﬁ;é&;_u+c

4
lin particular, cos®px =L (1+cos 2px)
Si px. = L (1= cos 2px)
Exawrr(e_ 83213
J'C.os-x. cos™ 3z chx
- cosx [-L (1+cos 6x)] o
=L [cos x e+ [ cosx cos b o

=-.§_'IC°Sde+-}FJ,CDS?K+COSSde

__Si i sin Sx
__s.lgz_..._Sﬂ_’lﬁ_'zg + S0 +C

Exercise :  Find J‘ Sin sin 3¢ sin 6 d
Ans - coslon, cosdx _%‘SX_-c_o‘s.?...c



Exercise 832
Show Hazt
a) Jsian e = ——.‘F cospx +C
b) JCDSP‘JL dx = J.FSIV\F':: +C
. js‘m’Fx cos g% dx jsin'Fx sivxczx dx jc<>s’|>x Cos g dx

Recall : siV\'Fx cos cix = %Esiv\ (F+cl)x+ siv\(]>-1>x]

Cos Px Cos g = —itas('Fw[)x + C‘DS(‘F-?)X]

Sivx'lax sin g = '_itms(]’“l)x -Cos (F'?)XJ

We know how Mﬁesrod:e RHS !

Exa.wrr[e. 83212
j Sin 5% cos3x o
=%Jﬂ Sin 8% + sin 2% dx

Py
=—._'1(—%5?1—95_L) +C
=_.Cﬁ;é&;_u+c

4
lin particular, cos®px =L (1+cos 2px)
Si px. = L (1= cos 2px)
Exawrr(e_ 83213
J'C.os-x. cos™ 3z chx
- cosx [-L (1+cos 6x)] o
=L [cos x e+ [ cosx cos b o

=-.§_'IC°Sde+-}FJ,CDS?K+COSSde

=_Si i SinSx
_—$-l§1-+—$ﬂ,2—’:|g"‘-—+ oY +C

Exercise :  Find J‘ Sin sin 3¢ sin 6 d
Ans - coslon, cosdx _%x_-c_o‘s.?...c



. J\ Sin"x cos"x o
Cose |: m is odd
A?F“a : sinxde = -deosx  and  sinx = [-cos™x

Examrle 8214

I Sin®x cos™x dx
=J' Sinx Sinx cosx o
= -f sinx cosx d cosx
- -S (1-cos™x) cosx deosx

=J - coSx +costx dcosx

Case 2: n is odd

Similar to cose |

A"F“a i cosxdx edsinx  and  costx = I-Sin®x
Examrle. 832.15
[ sirtx cos®x dx

= \rgin"’z cos . cos x o

J' sintx (1-sin'e) dsin=
¢ Ex
smia_sm}sh.fc_
5 3
Case 2: wm and n are even.

PrFF\.az Sin’x="c+’°'~ , cos™x = GOS8 gy cosx =-LSin2x

pX PR
Examrle_ 2.6

j‘ Sin®x cost« o
= \r(sinx cosx) costz ax
o fed i) (1Ce53% ) dy

= -é-fsin"zxdx +-§-J'sin’1x cos dx.dx — reduce +o case |

R Case 3 aﬂain

= ﬁ;f -cos 4x o + Jg-j' Sinax %dsin'hc

- Sg e SR e



. J{avx'"x sec™ dx.
Case |: m is odd

P.Wha: tonxsecx dx=dsecx and “tonx = [-sec’™x

Examrle_ 2.7

I +tanx sectx o

=\f tan*x tanx secx secx ox
=f “+anx secx dsecx

< § (s -1 seP < dsecx.

=j sec®+ - secx dsecx

=Sﬁ,‘si-%+c

Cose 2:  n is even

Similer +o cose |

PTF\xa : secx dx -dtanx and  sedx = l+tax
Examr[e. 83218

[ otz sec*x dx.

= [ tantx secs sedx o

=J' tantx (1++ad) dtane
P Ex

= ﬁsh{..m;‘ih.kc

Case 3: m is even and n 15 odd
Usinj 'M'f23ra(:'|on 543 'Farﬁs , later 2

. \[‘ csc™x cot’™x o
S‘-milarlﬂ , OFFB cscx = —deotx
cscx cot x = -desex

a
|+ecct % = csc™

Exercise : Find
a) jcsc‘xcstq'xdx Ans:-igq—"-z‘:‘;ti-%-d-c
b) j'cscsxcul:sxdx -$§°q—"+°s°—s"+c

3 S




lrkegretion cf lvwational Functions :
: Iwbajmmi with @ ddt  Jd2  (a>0)
W For d@-2 , we let x=asin® - 55

@ For Ad+¢ , we let x=atan® '%<

@ For -8 , we let x-asec® 0<OKT

Examr[e. 832.14
I£J4-£ s Let »=2sin®

=J, 8sir®e Jlcod® (ncaze) dB dx= 2 cosOde
=J' 22 co Osin O dB

=J’ 3 cosO sin e %X =2Sin® = Sinb = %

=J‘ 2> co® (1-cos®) cos® = xfl-siie =] (- -2 ’J"',_;"}

=j’ D cost® -2 cosOdcos® '%595% = Cos® >0

i

s
- =X
.- 2

3

- 32 So . 32 3
SCOSG 3COse-t-C'.

Y 3T 2
- WELE) B WS

3
-~ L ERUY «C

Note : l&2 s mell-defnecl onlé when a-£ 20 ,that means -a<x<a .
Also we have -l<sinO®=<( when -=s<6¢g
so -asasin®@sa , Yt is the veason wlna we let. x=asing.

Think : How cbout dd+ and A2-& 2

’

Exa.mrle. &.2.20
J—’J’i;"dx [et ~=2sec®

= J" Aga-sz;?'ee ~<secO+tan®d de d1= ISQCG'EQV\G de

= -&j sin® d0
. i-‘f l-cos26 do

o o
= é—sinle-‘-q_ +C

i Ex

=e % + icos‘%+c




Exercise 833
Show that |, f:r o>o,
a) Llo?-x’f&z = lem + __;__a"-tay\"(_%f) +C

b) ijtfdx = L.}_xJ-ftd‘i.Jl-d'lnlx+J£ia?| +C

K4 Ivftej\ra'bion lo‘a Parts
Recall : Let uco and veo be cl'-fferewbable 'f\mc&iovxs .
Product  vule - ad;_(u\v) = dx + v SH

ud—v‘a;(uv) - v%ﬁ

lwfejmte both sides with vespect o x
Judt de = [t de -y
Judt de muv-fudeax
OR - fudv = uv~fvdu.

|Vd:23\ra'bion Lwa Parts jug;/—cdx =uv—jvg§dx

Examr[e 4.1

Jelaxdx = [Unn) 2 &
=_(‘(lnx)§;(§) o= (Now, u=ln= \/=13>i )
<[ nxdZ

1;—|n7. -j'%:- ddn=)
e

2

- Zlax-[ Lok

3

= -%ilnx— %t'- + C (Ver‘vf% +he answer 'o-.a d‘«ﬁ?erevruaﬁov\ ?)




Examrle— K42

2 e che Note - ie’% et
=,rxdei e dy = de*
=-xex—j'e."dx Now, u=%x ,v=e&°

e -+ C

e (x-D+C

Remark : Why dont we ry the -fol\o-..ﬁva".
j’ xe“dx
: _r e’ xdx
- f & (X

What L\aﬂ».vs'?
Examrle. 843

e
= J‘x’de"

a K X a
= xe —fe dx
= fe"'-flxe"dx

Ex - Aﬂﬂ% ‘vﬂ:eﬁraﬂon bta 'Fa.r(:s asain?
Ans : € G2ama)+C

Question : How o make a Jre=s ueo and veo 2
Itequation by Parts Judtae suv-[vdeax
Exaple + Jo laxcx = {(nx) 2 o
AR e S
Realize the ivrteamw:l os_a Product cf parts and make. a uess sf w0 and veo
Such Hhat one part. can be vealized as a jew\cr(:zon uGo . another part i A



anmr'_g, 4.4

J‘xsin's-x_clx

-_-J’ -x_cl(--is Cos3x)

=——L - |- ?:‘xdi_

=~é1g3511;%3M%x+(‘

‘flnxdx=? fﬂ\f x>0

[lnoe doxe = % e = [ lnx W= b

J

'7('\:\1 - r'x—'-elar_
J LS

< = - ( o
J

= 7'\!\'1 - X -l-C

Ina
cdx __x . _C
Ina Ina Ina
x _+C C-=S— ust a constant ?
J




Example &4.5 (Teansformed 1o the eriginal |wﬁa3ml )
[ cosxcke= Jé" dsinx

= e sinx - J’simc de*
= e’sinx - J' Ssinx ot

e‘islwm- J' e~d (-cosx)

x .
€sinx - (- cosx - f— cosxde*)

Esinx - (- cosx - f- €cosx o)

) <
€'sint + € cosx - fgmxdx
L—N—_)

back-eovesebez

s N—PDOV\"{:. fbyﬁet 2

. x
. lje"Conqlx = é.xSMx+ e cosx +C

J‘e?‘c:os-x.dx = -ké*(s‘mx+e»sx) +C (c- -& c)

Exa.mrle 846
jsin(lnx) dx
= xsinln=x) - rx d sinllnx)

~% sin Unx) - \f cosln %) ahe

= sin Unx) - (xcosthnw) -Ixc‘ costinx) )

< sin Unx) - xcostin -J Sin(In=) o
jsin Un) dx = 5 X [SiV\('V\'L) + cos(ln x)] +C

Exercise &4.2
j\ sec x dhx
- secx (sedwdx
=j' secx dtanx
Ex
- sectonx - J sechcke + § sec x ot

S‘Se.c?xd'x; %[secx'(:anx +lnlsecx+tanx |11+ C

Beca:eful cf+/-

Think. - lnjev\eml, kou-bofind ffanmxsec“xdx fmisevev\.nisodd 2

0



85 TReduction Formulae

(=) |dea : Obtain a fum,«la. +o reduce -the COW\]Dled'ha_ cf +he lr\{%myd.

Exanple 8.5.1
let T, - S Le*dx , wheve n 8 a novmeja:(:ive lwteser.

Prove that Tn=2'e*-nIn(, For nz1.
I, - ‘fxnexdx
= J\ < de*
= x"et- J’ex d=
= %" - J'V\exx“"dx

e nT,,

?15

Note . Io= e =+
We can o.FFha_ Has :fomu\la reFea(:lé wrtil we see T, :

jx‘e"dx =TI, = & -31,

= -3 (Fe*-01,)

= e -3 (o2 (et (1))

= B -3 +3axe -2 (- I,

= B -3Te 13 axe 2.6 4+ C

3 3 xX 3 X
= - P+ Paxe -Pre* + C

3
[ Z N Pedet JeC

lin Seneral , ,ri‘e.*dx - [‘é’(—l)'r'F>:.\-x"""e_’L J+c For nz 1.
The fwmdo. In: € -nIny s called a reduction Formua.




BmmFle &52

et T.- J"tan“xdx , wheve n s a Y\onneﬂa:hve ivr&eser.
Show that Tn- -Rl_T'ﬁanW‘x -Ths j%r- nz.

(A)\ma_ /How do we 3e(: +his 2
"% d tanx

I - [tarteche
« [ o™« ta < dx
= J tan" . (sedxo1)
- J' o> se che - [Han"
- I " dtanx - Ty

= 'RI_T 'ﬁar\"-‘-x. - Im-}_

As we can see, the index n is decreased l:xa Y when the reduction fowmla is “ﬂ’hed ,
So we have two cases :
Case | : Startfvummeveniw&jer— = dm

Im =ﬁ “:.anm-‘lx + I:m-';.

=_').wl\-l -[-Ay\m-lx + 2":_3 '&AV\:M-;. + Tom-4
=—_)_‘":\_l tan = +2_w:_3 -Eanm-; +---+%'ban3-z +tanx + I, (end at T.)
s tan w4 = dan x4 ot Ltadx +tanx + %+ C (L= [dx=x+C)

Case 2: start fmm an odd 'm‘(:ejer s dm|

12m+\ =.)_:M—“:AV\”"7(. + Tamay

AMm-2

=.);“—-!:an 2+ lw:-'b. 4an +---+£W"‘x +Ltan’x + T, (end at T,)
am -2
=);“—+.an 2+ 2":_1 tan = +---+£W"’x + tanx + In|seex|+C

(71, =j'!:o.nxdx = Inlsec<|+C)



29 :Defmr(:e lvrheﬁm:ﬁon
A.1 Riemann Sum
Goal : Find  +the avea of +the \resiov\ wder -the curve 8=feo over on witerval Ta.bl.

lél\ la:f(-x)

//\/

| 1
: Prea :

S
rd

x

a b
Wait ! k)ekﬂwd\aﬁ‘ﬂr\earea?farecﬁarﬁle S
However, what is the area ‘:")2 a rejcbn with a curved bowndana'? (How +o defme'?)

= |deo. :

AFmeima'(:e. l:% recEa.nﬁ(es !

A parkition of the interal Tabl i a firte seb fxox. .ol Such that
Q=X <X <Hy<o < Hp= b .

We denste  Ax = -2 for k=2,

TThen , we dhoose Fo'wrbs, Cy CoroneCo, colled partition points  so that

A SO s X :fmr keta,-n.

bef\nl'aon Q.1.1

[t f=[h.t>] —=R . The Riemam sum is dﬁﬂned Bla éftqgmck .
) 'Par'Eic»\lar, lj L= G, the sum s called the |sz Riemann swm ;

ij Crz=%e ,the sum is called the r-ﬂkb Riemann  stam .
Yo

}f&) For the k-th rectavﬁle :

_— 1 icc_").ﬁ’f':
/] _ ke:akl: x widdh < avea cf the k-Ah reckavﬂ(e




°c ¥ 3 | -
Ww [
C, a; G
_’Elshh_SMm_:_Qf-_-é-_,_QL%_._CyJ—me(-‘-) 42 Ly L o
s S 3 =
44 oo =
(] 45 = | >
i " [{}
G NS
_ 38
" 108




g ldea :

lncveasina n_ Grumber f wzc(:avj(es) = Reffer aFFruxiwaﬁiov\

Theorem 9.1.1

lf 32=Ea,\=3 —R is continuous C(or piecauise corttinueus ) ,

+then no matter how <. are chosen, lim 2:?(@) ax s alwaxa_s the same
The area under 5(7.) over Cabl is deflvxed +to be his number ,
which s densted b!a_ S: 'fﬁOQ}x

(Remark - Ncsﬁmvj related ~+to mdefmi’ba ivﬂ:esrdﬁ'lon So -far )

[n fac(:, compictation cf “the area s nst rel%'mj on the above. theorem ,
but the :fundm&al ~theorem cf clewus . (Later 1)

9.2 Rules jw’beﬁnu:e. lvtﬁaaruﬁon

Theorem 9.2.1

Let f 9 :R->R be continuous (or piecewise corctinuouns ) fwvc’bov\s

Suﬂxse asb .
k is a constart |, .r k-fbn)clx = |<j' 'f(x)dx

1)J‘ -feo jeodx J'-feodx -.tj'ageodx

2) .Y —f-eodx )

4) JL Foode s clefmecl +o be j 2 Feo (reverse divection )
o [ Feocke - fwdx-n-j foodn — Jor any e (subdiision)

and A =A% = bn;“ :’fev- keta..on (even Farki-tion) , X =a+kax fmr k=0.t2,-,

(4



Geometric meaninj cj‘? o) :

¥ ascshb,
Y

¢

Exercise :

"l'k!v\k:(,.)h& 8) is tue f ash<c

4.3 Fundamestal Theorem cf Caleulus
Theorem 2.2.1  (Mean Valne Theorem fvr Mﬁesmls)

Let f=[a,5]—3R be a continuous fmctiovr\.

ji Foock = J: ook + ffwdz

R B R

(o o [ Frode o [ Froce
qﬁfm&x

b
Then ,+there exists cela.b]l such Hhat Lf&)dx=f(c)(l>-a.)

Y :-)%o

—a ¢ b ~

f(c)




ReFardﬂon s

Let ft-(-.) ,+eR , be a cowkinuous ]euv\ctiov\.

%’ A
/ % = f )
d
= p—— >t
T 1
j‘-xed mouable.

x
(D) L f&)d‘(: 15 well dzfned fcr all xR

2)  What s a fm\cﬁon'? 'Rouﬁlr\la Sreal:mj, 'm’(»\‘ﬁ >, O\&EFWE Y-
Now , conshuct a  new fmchov\ Feo cle-ﬁvxecl loaa
Feo = Brea under “he curve avf(-(-_) ovey [, x]

- J: Feordt

Thesrem 9.2.2 (Fundamerttal Theorem cf Caleulus)
Let f’TR—ﬂR be o continnous :fwv:bion and leb <. eR.
Suﬂwse Feo s xa j?uvxc(:icm deﬁnes:l La

Feo - Lf&)d& .

then Foy s a d’nﬁwﬁq\ole j?nmcb?ov\ and  Feo =-§(70.
(le. F&o 15 an arntidevivative cf fbo D)

0 Divect Consequence : j:feodx a{ifwdx - I:f(z)dx
= Fd» - Fa)

le. lf we know how +o cow\‘Fw('e arttidevivetive Gf f(-x) ,
b
then we know how to Fnd fu Fwrdt.




2)  Wait ! Antidevivative cf fw is NoT u\vﬁﬁue , but w\iclue wp to a constont .

Which one should we 'Pic.k £d

lf ?(70 is oncther artiderivative cf fw,‘ﬂr\e.vx B = Fn+C , where C s a constart .

Edo - B = (Fr +C) - (Frr+C)
= Fd - Fea)
= .‘\:f&)d-x. :
Tkerefwe, we can -Fick angone 14

En\mFle_ 3.1 (Ver‘-flcaﬁon af Bundamerttal  Theovem cf Calewlus )

Let -fc-t>=+_ . %oz O

-fcvo= x

Feo = Lf&)d-b
= Area of -the shaded '('.\r'lanjle
= —é—f

Note : (e have Fo =-f(z> .

BamF\e_ %32

LEbfﬁQ='X+I
Antidevivative cf f(—:.) = jx+ldx = §+1+C_

Choose C-0, let Fen =§+1

Avea o‘f +he shaded V'eﬂion =J, fbodx = F&)-Fw
= 4-3
- 5
=2

What we wyite :
J,fwdx =[%+'X]’;
= (%=+2)-(—.;+|) = 4-% = i
F Faw

) Y=ot
N
Y E—
Ao=0O
(6,\ té-:f(vo:x-\-l




Emele_ q33

Let 'fﬁo =

EMLmF‘e. }325

Find ‘ili—lldx

Exercise

3
*Y(x"d'*'['%—"—]?= 2

j‘zi-l &-[%-X]i:%

'Reca” H Ue Con Wrte

=3
= 1"'1:

[£],

3

= () - ¢(

w

w|-

3
O
3

Avea cf the shaded resion = J:, fwdx

)

E)T‘"‘Fle 224 (NoT a.\:ea. but sianed avea. )
Li-l e o [Zox] = -1

g=Foo
G4
~~
-~
N l >~
=x—|
4
S
S

- P (Cancellation )

i

lex-ll dx =j‘_;|x-|l o + flx-l\ dx

'-'j‘_‘l-(x-l)dx_ + ﬁ’-’(-ldi.




Eww?le. %36

o

o + = +
o E.d S w L St
e

cos X
= dxe -e

je&) (Ba cow(jnwn’rﬁa cf f )

o Feo s dﬁerewb‘able_ and Feo =feo.

Find S # ) i
) Fw=S° Kt S Fw=S° e , <) Fw=Le°°s-td+.
Q) g;'f_ e ('D‘nrec:tl% -fmw\ the Fundamenttal Theovem cf Caleulus , f(x): &S5

LoFE b e $ (Chain )

"Proaf :{f the. Fundamerttal Theorem uf Calaulus :

2
Claim : lf Feo = Lfet)eH: . AETOELA;)L;E&_ <feo e F’eo-feo
¢ 4- f('b) Fetaxy - Feo
KA
- § Fade
/]
= areq, of
S + A C XA
Ao P> 2V NS
0 = f(c)&ﬁ fw some ¢ betwean % and w+ax
-‘f'ma\
(Mean Value -theorem fcr- inij.ls )
| Brnead=
= |'IM i(s}Ax
Ax>0 ax
Aﬁlitn-:\o fCC)
chM F (As sx tends +to o, c tends 4o x )
e &



9.4 'Defm'd:e lv"tesml UsiV\j Subsrtuction

Theorem .41
b )
JSa Fueo wWeodx = { wey Feadu

Exaw‘Fle_ 9.4.(

Buluate [, 8xc2rock

.(:_A &x ) e let =
=S, u  Ldu - Similar to indefinte teqrertion
f fan Sin A= xdx
-] when =0 . wsl ) Newl
=6 L=l . w= ? Don't -fcrje-t?
Remark:
Some maty, wyike
Still o and 1
S:, Ex &0k = 5:, L2 ) A6 ) (as  d&den =dxdx )
- [aeen]l
- b

(Just +he same vesu 2)

Bw?le qQ42
&
Evaluate L e

f;;r'“—xd* let welnx
L dd s Lo
=[[nu\]’:. when x=e , u=|
a lnl—lp/f'o %= , w=2

= |ln



a.5 "D#W&_Léadﬁu—‘kmj_lmheaﬂthm by Parks
dJ d

Theorem 9.5.1

tufﬁfdx - [wlS -S:V fI:d’(

Exa ..Fle_ 451

e
l:\lnlug'l-p c‘ ~ >

(:e—t . = Yle 'v\7 A(%)

2 e e _»
=L-§:—|v\z_|l l%dlnx




/
///T;/\,n—/
| '
\ '////: TN e
\ :% RN
é 5 >
b b
Hma._df;gkadad_maimn = J’ufMd"-' Lgeodx
I/\ 1
o '\'
I////'. = |- -
A R S ey s
a b a b & o
ExamFle_ q.6.1
anl = ’xs
S-(:eP_I=_SnLLe (‘(a=’&
Ly
(¢}
'15511
L == 0
x=0 or |

(Remark : No need 4o sohe )
d

‘6/\ '6"7‘? =

Avea = j‘.. < - e
. [%?-i‘f]; )
. L
Y >

(o,0)




Exa.mFle. a6

FIV\Cl the area bowv:led b(a \6
A
|6=f&)rx , %:6(1):1?;‘ a.V'\d laQL\(X)=}X.+1
(0.2)

N _j‘° & J'l ) {HP)
rea =], heo - feo +Js o -feodx

Exercise

= D + (--l§+(n4)

3 +lnk (-2.2)

Question : Fird the area of +the unbounded Yeﬁior\ 2

ldea :

> Z
7//// 6::&0 ay///// > o=

J

L
J‘a ff(-x)dx A~ Avea of L'H'\e uwabounded \’Eﬁ?oh
=||_11\+N.L-fwdx (\f‘l’tedsfs)

We dencte bg J‘a ‘f(x)clx



clecay

‘ S(oues\'

- Fastest

L
CD Iim [ —ldz = |im l'lny'll_' = Iim Iy\L =+ 00
L

>+ L+ L—>+00

L L
@ l. L = i [-I_-I. = liM l--L= (
> 4
L—>+oo L+ Lo+ L
- L l l
D lim f —_’;_cix_LLm_[;eL—._l,ALm -+ oL
>+ | € L+ Lo+ = = =
L
X L+
—_ExmnFlﬁ a.3.2
(;l-eo
Fi —L 4
ind Yo N+
——Ngiﬂ—‘—CI‘i‘-)-(hil-)—]S—a—Fﬂlla‘GMLﬁl—ﬁ;dgj 1 ?:eg 2
G+0EBx+) x
L L
—_llm_ [ _I_(,‘td"ﬁ = l'lm r -‘. + ..3 e
L—>+oo + x+2) L4 " ©° LSa | ey &N
L
= l‘m\_ L lnlx+t] +In |'%-x.|.1']
L->+co ©
T oy = RN
L>+o00 =T

= lng- 'n'l




5<am]>le Q332
+00
Find J'o 2

e L -
- l[-%_m [-£=xe™ T, -S‘o LT de

-3¢ L 2 L
=‘l_1§+m [-4=xe™ T+ [-ie o
'('.fr\c] +to 0 when L-o+oe
M

{ 2L | 2L
i -=Le -——e - =
W\+ 2 4 4

r=

n
e

qg Solids cf 'Re.\/olufelon o.vd Disk Method

%IP (a/r
\|a='f(x) (6=f(ao
7% 11
/ 7/2 // Ly S X >
a b '. i
Y
Y'ts'tcr(:ms R about x-axis S
Swa a sdid S
N l
volume. = TC [f(x;) ]l &
=l i
\J -
/ )
¥ X ) S
Volume. uj S = vl\\:;\“g: 'rth(Xi)] Py &
" AFFmimaQe volume. cf S
. SQ ‘it[fecqu\x I:a solid disks .

b
= TC \rq fwadx




Exnm[:;le 9.8.1

let fbomj'k"-ﬁe‘ fbr -Rs=xsR

A

/\l& = f &) =R Sew - circle
G >

* ® Solid S = sphere
R
wohome of S = J,_ ool e
R
= T(,_Y 'Rz-vf'dx
-R
= v [Rx- 2 ]1;

- _‘?l;_-:r,'R (fbwnv\lo. n secovclana schoal )

Ch,v)

a) Find the eTAct('jon crjz the S'Evu”sl'd: lve L.
b) What s the solid S Sey\embed ‘oa rotating L ghoxt the x-adis ?
@) Volume <sj2 S -
Ans: a Sa-“%x
b a cone vt hes\/vi-_ lh . base vadivs =r
1) ch CExd = LTk




Exa.mFle. .82
Let C be a cune jiven b.a |a=£ fw osxsl.

Q) aa-l
b) the g-axis

c) x=-1

a) y=-|
4 | i
Volume. = L TO+2) o

[}
=T Lf+zx‘+ldx

=T [éf+%‘f+x];
-
b) the y-axis

Volume. = S;"C(lr'é?d\a
- dogely
=TC [‘é_‘%’,.-]lo

=4
=5 T

c) x=-1

{ 2
Volume = §o 0lg+ 1Y dy

=1cj;‘6+:.%+|d|a

=1c[-.§_-(3 +£3t(aq:+ta:|°

-fn

!6/\

Find the volume of the solid Sev\em'becl bta v-c{:atw\ﬂ C about the axis:

G.n

(o,0) m
!6/\
/(l, D}
% >
(o,0)
1+
r
(%)
4
Js
«a.n
)
g D'
(o,0) T
%A\
/(l, 0
4l
'
>

(o,0)



8 [0 Power Series and Talaor Series

0.t Power Series

Definrtion (0.1

A power series is an ivfin?be series cf the fww\-.
$oo - éa..(x-c)" = Qo+ By (-C) + By (X=C) -

where ¢ is cdled “+he center.

ExamPle o.1.1
fcvo=§°u." ('Pcuav- Series centered at x=0, ie. Cc=0)
Call a.'s eiml “o ()

= [+

S

fcé) = |+-,l:+(%)‘+(%)3+... l '|-+§ =2

However,

fm =le2 424374 (does NoT covwerje)

Main %esﬁov\ :

Find Hre 'Possilole values) cf . such Haab

= n
fm= Z antx-c) = Qo+ Ry (L=C) + Ay(X=C) -+ converges 2

Theovrem 10.1.1
< i _Gn :
LzE'R-'l\(g\w|aMl| If't‘cex«s& or +oo
o0
Then fuhg’a.\(x-c)“=a,+a.(x-c)+a,(x-c)’+--- Converjes

when  c-R <=x<c+R . but dive.\raes when x<c-R or x>c+R

Dont know
dwarﬁ\es / \, Jdiveraes
R < T R

Conve rﬁes

R is called the vadins cf Covwevﬁey\ce



Exaw\-Fle 0. 1.1 (Conwt.)
f(xhggv." ('szr sevies centered at -0, ie. c=0)

(all _a,’s eiu.al “o ()

= (x4t

liW\ |&— =[iW\ —L=l

NS | Qney naoo |

~R=1, f(vo=“2“7.“ covwerjes when -l<x< (.

ExamF(e O. 1.2
o0
fm:v?:‘a L’ (-Fw series centered at -0, ie. C=0)
= I+ 3'—!-xx+§‘—!-xs+--- (on=5)
(ia &| = (im N+l =+
T oW =Y

.. R=+00 (Convertion) , f(‘x.)=§° V\L!"“ Cmverjes 'fvr‘ all xR

ExamFle 10.1.2
o
-f(xh“go (-l)"%(xﬂ.)" ('Fw Series centtered at %-0 , ie. c=-2)
xR
Can=CD" % )
n a
-1y 2
; n | _ (; 4" 4y
vl\‘g\ce |amu | B v!:;ncn ne 2 -'!i"'n“ G+ =
)
4“*\
c-R c+R
{ l

. N = n oA n
L Red -5—(-:0-5’(-0 S (x+2) converges for- all —6<x<c2




102 Talaor 'Polanomfals

Definrbiov\ 0.2.1

Let -feo be a j-pw\ction wrth devivatives of all _orders on an opan interval T , ad CeI.
Tato = f@ + fer-c) +i§'_%)-(x-c)1+ ---+%’-(x-c)“

is called -the —raltaor ‘Folvav\omia‘ cf ovder 3enem€ed b«a f at C.

Examr(e. 10.2.1
[ et feo e . fmcl +the Ta‘\aor 'Folanow\ials TAGO 3&V\evm:§eel laa jp at x=0.

NO‘EQ'- f‘lgét)=e"L and fd?o)=| -fb\r keo,(,)_,...,y\,
TaGO = ‘f(o) +je('o)x+—ﬁ‘ix"+---+ﬂﬁlx"

2! nt

2 { )
= |+x+3'!—x donek e

v _1 ok
=‘§)k!x




Note —that -

’ %
ThGO = -f(c) + -f(c) x-c) +-f%)-(x-c)z + ---+ﬁ)ﬂ(x-c)" = Ta@ = fw
Tt = -f('c) + $o o) + ---+ﬁ)°|—)‘(ﬁn-c)"'l = T = fo
T - Fer 4. zﬁ’%a ST s T $h
o
T - fo = T - £

T aeroxlmates -fbo avound  the -Foiwb C in a sense -that
Ta = -fc::)
Ta© = féc)

Ty = -fgc) TaG0  and j?eo aaree. at the Feivfh e v “+o  n-th devivative

[
Tt = %

0.2 Talyor's Theorem
Theorem (0.3.1 (Talyor's Theorem )
B $ and s first n derivatives . ", ... " are contimous on the dclosed terval
between x and <, 7 1s differentiable on -the open Interval between x and .,
then —there exists " between x and ¢ such that

'f(x) = -f(c)-u-f(c)(-x.-c) +-&-(x-c)1 + »-'+§%:9(x-c)"+ f;%é)%)‘_ (x-c)"

(M-l)

r 5.("')(1 ) 4 5;—%2-(1 Q)

1

n) + FR;\Q)
(et

ie Pbﬂ;ruxivv\dbe_ 500 'oa_ Toe0) , then the ewor can be ecrressed os ’an—j:—:g\?'—(x T
7"

Feo

Ta&0

(n-u)

Re0 = (1 C) ie. tHhe ervor con be described

Ba “the n+d-Hh derivative

NINE




Eme(e 10.3.1
AFFvwimcrba Cos 0.1
Let j?eo =Ccosx ,
Teo= Too = 1-Z + X Telyor polynonicls. qenerated by § ot zso.

Cos 0.1 = 'f(o.l) & [g(01) = 0.995004166 -

)
3'3 ‘ralaw's Theoven f(o.l) = Tg(ou) + 5(&"\)- (o.l)6 ne (o, 0.1)

G!
(6) 3
Absclute Ervor = %l (o.) ‘ Note : f“’(x) = -CoS %
- (6)
s ﬁ(o.l)s o~ l.'3>8~.<lc>aI =» |§ (’Cl s |
Vev‘a swmall .
[dea.:
, % a " (ntd) w
-fc-o = -f(c)-u-'f(m('x.-c)-*%L(x-c) +~~+§ﬁw—)-f(x-c) + (mfn)! (x-c)™
= ThGO + Rae0

’Rv\(x) = f(x) - Ta&)
If im Ru)=0 . ie. error tends o o .-then
n=>00
'|\i_n;\°° j?c-zo -Taed) =0
feo = i T
Al - 6.)
n
hw 2 TQ e

naSo Y=o

= f(c)+-f('¢:)('z.-c) + j:%—(-::.-c.)1 4ok -"-e&:?)-(x-c)“-l-

:Deg'\v(relon 10.3.1

Swrrosz —thet f(vgc) exist fuv— all n=0,1,2,... .

Ta:alor- Sexies ge.nerarbed l;a f at w-c is defined Lna
vif&:?-(x-c)“ = 'f(c)+-f<'c)(1-c)+-%—(x-c); +---+=‘-e;§!9-(x-c)n+

[ Far(:imlm—, A:)Q c=0, the series 1 called a Maclauin series.




[
n->co

Exa.mFle l0.3.2

Nete : f(l) = e:.

o0 (v) -
)
£ 1

Tedhnical ?mblews 2

o0

&

2) Covwe\jes -+to f&) 2

r 2
AL e
i

>
w Rn&) = lim f(ao - T 20
Nn-»co

feo- e = fEnnJ

fq(vo =3 f’fo =2

b5 o) b
fw(x)=’.{e*=> f w=2e

Tadaor- Sevies Sey\erut&eé f—cm fw =e_m. ab x=1:

-
(x-1)

) Comevacv\ce. cf Taalov- Series
ln fac't, a Talaor series is a power sexies., vedins

F\*ec(wawkla used —ral(aov- Sevies :

Remark : 'Tke.na_ are. Maclaurin series in fnct

Find -the _ralaor- Series Sey\e\‘a.'ﬁ'ed frw fw =e1x at =x=1.

of convergence = 2

®) !—l=l+x+vc‘+---+7<f‘+---=2-x" , bxl <1
- Nn=o
N
2) !‘ 2 (e "= Y = 25 )T, x| <\
2 n=0
3) e1=l+x+-§}+.--+%+- ='\Z“% , Y xcR
e w2 X L5 ey
4) Sin=x =% TR +C1) (2v\+|)'+ “Z;o T Y x€R
.z i n " _ °°(-_|'" 2n
5) Cosx =1 e St ngo X, Y xR
[ n
6) lntao=x-ZaX X, R0 o Y -l<x <
2 3 n n=tn



lo.4 DFera-(:ions <:f Taalor Sevries
BFom the above :fre%uen'blza_ used Talaor series , we. can :ﬁnd “+he 'Talaor
movre C.athca(:ed f\«v\cbions without sﬁartins f\'-bw\ defiv\'rbion 0.2.1 .

E(aamFle. (0.4.1
Recall :
3 2t oo N e
o e x X X ey LS DX
B TR I vy T 4 S G
= -i i_ n 2" _ a(—_l)h 2n
Cosx = |- Z+35 "'*"Dm*""z;m'." .
X kS oA
e = I+x+—§!—+.--+ e =h2=°% ,
()(A&J'r&ion)
Y 3
CosX +Sinx = l+x-%-%+...
2) (Substraction)
2 3
CosX ~Sinx = l+x+-§!-+7—£-—!+...
3) (Preduct)
cosX Ssinx = (l-zi!+%t---- )('1-%4-%?—---)
4 4 3 &
- (l-§+%----)x+(l-zl:+%----)(-'§!)+(l-:—:+%----)(§)+"'
3 s
= Y * T
3 5
X
3 S T
s
= -2 2 S C ...
x -gx-i-lsl
4) (Cochsi'(:ion)
i s 3 s 2 3 s 3
EM B )bl (e XX ) el (X T Y

3 &I PY] R 3! 3OSl

3
- x 4...
= l+x+1+



5) CD?vision)

SNX | gotax 48X+

Cos X
Sin® = Cos % (Botax+a X +-:-)
4
-x-%?*'é—“ =(I-§+%--~-)<ao+a.x+a,_x=+ a;’?_‘.a‘;‘é(.-‘““)
2 3 &
= 0o + QX + 0 + O + QX + -
3
S Gt - Qo - Gt

NI

Compare coeff-ciey\'(:s cf el For vreo.L2.2.4. ...

[ Qo=0
Q, = |
a,-% <o
as'%_ = -3
%=y s
L :

" Qo= , Q=l , B0, Qa=% , Q0.

tan w = S0NX x+-§x_§+---
Cos X

ExmmF‘e. o.4.2

L. (- a2 3
Recall : e +Gx) + “;D(l)x

Find the 'Ta.lapv- sevies aevxex'abed |°3 (H_;’o, at x=o L'a- c:pv\sideﬁn% adv_t. l-c-lx = (l-:-‘&)z ’

6) Dffererttiation)

d _I d [ & e
T LA

I I n "
U+ V\go(-l) &(X)

e )
Nn=o

oo - -
l o Z (-l)“ lY\x.“ !
U4+ Nn=0
= n-l n-y n-l wn-|
= 20 1) nx (o when nzo, ) nx =0o)
n=l




'DU\-E_ X =0

" had _ n P
‘an'te) = C + ‘z.°( ) —‘—._\mﬂﬁo)

C=0

" So n AN+
‘tan'x = 22D —— L_~C
h=o WAL




